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Important Errata in lst Printing of

Probability, Statistics, and Decision for Civil Engineers

4. R. Benjamin and C. A. Cornell

McGraw-Hill Book Co., Otober, 1970, (Corrected in 2nd Printing)

These represent only the errata that may not be evident to the reader and hence might
cause him confusion.
PAGE LOCATION e CHANGE TO
23 P1l.10 Totals are incorrect. Several other such
99 Eg. 2.2.65 Fp(c) [Fp(0)1?{ difficult-to-interpret
and 66: bx bx superscripts exist in
105 Line 9 ac ae the text.
133 6 fm botbem Z =z , 725z
142 several places 6367 8567
163 Fig. Caption (a)...p < © (8)...p
167 line 6 2r[cp]-E[CIELD] E(E[CD:[-E[CHE[D])
163 2 fm bottom from Eq. 2.4.80 from Eq. 2
206 P 2.4k 2%/r, 2x/r3
231 line 15 in y-1 trials in w-1 trials
235 11 fm bottem p¥ py
249 1ine 1k ( )/(s-1)! )/ (k-1)!
" line 16 (s-1)!...T{s). (k—l)....I‘(k)
259 11 from bottom m, = 100 + 40 m, = 100 + 4O
266 Eg. 3.3.30 exp(-1/2r2 o) exp{l/2x*5?)
340 3 fm bottom J= (0.7)(0.2)...= 0.2k (o 7)(0.1)...= 0.17
345 5 equations The effects of this nmerical error propagate through pages 3h0-342,
from middle Interchange rows for columns of nmumerical values of coefficients of
of page q¥'s. This changes values of qf's, e.g., qf = 0.52.
355 P 3.9 t-0 At~ 0O
365 P 3.39 (twice my mg
on last three
lines)
367 P3.46 line 4 interchange words "max' and "min"
" " line 6 exactly n at least
b " line 7 change i's to J's and ad.d_gi :
J_
408 several places k.21 4,29
412 bottom 4.303 2.90
th Fig. 4.3.4 s/n SQE
36 5 1
o el ) aZ =z ( )
subsequent numerical values change.
513 6 1,1,2,2, 4 1, 1, 1.5, 2, 4
528 Fig. 5.1.2 interchange -100 and ~LOO
53 7 Elula; § > Efu g, I«
603 2 E[4-8x] E[4-8X]
640 Eq. 6.3,28
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CHAPTER 1

Deflection: X = 0.1417 in., s% = 0.000,209(in.)?
2 2

It

88,431 (1b.

1

Ultimate: x = 1847.5 1b., s

r=-0,52

The average observed defiection exceeds by about 3s (see also

Prob. 4.35) the computed deflection 0.098 in. The allowable load is near-
1y 5s below the mean ultimate. Defliection and load are lightly
negatively correlated (see page 417). These statements are true

of these 10 beams, not necessarily all possible beams.

Load at 1/16 in. yield: x = 3020 1b., s = 357 1b., v = 0.119
Load at 1/8 in. yield : x = 3693 1b., s = 297 1b., v = 0.08]
Ultimate Load x = 4085 1b., s = 338 1b., v = 0.083

r = 0.69 between load at 1/8 in. yield and ultimate.
Although considerable scatter is present, Toad at 1/8 in. yield
and ultimate Toad appear to be correlated so that one can be used

E—

i

1

1

1

.3

.4

.6

7

as a predictor of the other.

Straight cables:
Curved cables

Note the wide variations in the appearance of the histograms as a

X
X

1

0.0559
0.0879

= 1.7711, s
- 2.2542, 5@

function of plotting procedure.

Discharge:
Recharge:
r=0.916

X
X

X = 70,248 cfs,

13,353 acre-ft. s
13,312 acre-ft. s

S

2

Relative frequency:

2131 acre-ft,.
2157 acre-ft,

)

= 2.66 x 10° (cfs)?
49/59 = 0.83



1.8

1.9

2 2

X = 12,64 in., s =0.126 in.%, 4y = - 0.134

X = 893 m3/sec, s° = 187,616 (m3/sec)®

A histogram will be useful to the contractor since it indicates the
type of variation in the area of concern. The decision is optimized
by balancing cost of construction and expected loss from flooding.

X s v
sec. sec.
Wait and Exchange 0.718 0.665 0.93
Load 1.933 0.239 0.12
Haul 2.096 0.093 0.043
Dump and turn 0.563 0.0946 0.17
Return 2.53 0.1706 0.067 -

Total 8.13 0.598 . 0.074
Most variable step: Wait and Exchange -
Sources of varjability: Wait and Exchange, Load
Some combinations appear faster thaﬁ others.
The standard deviation of the sum is smaller than the sum of the

standard deviations of the parts. See Prob. 1.22. Note that ‘the
"total times" are independently recorded values, not totals of the
individual times. The sample mean and standard deviation of these
latter totals are 7.84 and 0.699.




1.17 X = 20.95 min.
s = 4,44 min.
g9y = - 0.0263
9o = 2.82
1.12 X = 4.0
s2=7.2
v = 0.67

One possibility for quality control is to make a running plot of
the number of defectives against the mean of the data. See Prob. 4.6.

The cost of testing, cost of rejected pipe, and manufacturing
cost must be considered.

1.13
X % s v
Load 17.88 13.23 3.64 0.20
Swing 9.64 11.43 3.38 0.35
Dump 2.04 0.0384 0.196 0.096
Return 9.68 2.78 1.67 0.17
Total 39.24 27.22 5.22 0.13

The primary source of variability is swing. The most valuable
summary statistic is the variance. The coefficient of variation is

very sensitive to the magnitude of x.

1.14 X = 861 s = 37.3
1.15 Southbound: x = 2.08 vehicles/30 sec. sz =2.58 s =1.59
Northbound: X = 3.08 vehicles/30 sec. s°=4.12 s = 2.03

An automatic signal is best when the traffic flow is of constant
moderate intensity. A large fraction of intervals with few cars

will produce unnecessary delays.



1.16

1.19

1.20

X =

X =

1773 s% = 1,652,610

4577 x 103 gal per day 2 = 365,731 x 106 (gal per day)2

Demand exceeds capacity 69 per cent of the days recorded.

Diat
Sand

Txy

Sxy

omite: X =6.786 s2 = 23.03
: v =2.178 s° =1.986
= 0.132
- Lyt Dty
n i j
_1 N
= o DX y5mxY %4 Y )
1 %y - 15w+ 157
= E{E i) momy - Sy + =X yn
_ 1 e
“H(Zx]‘y}-) Xy

a. A scattergram of direction versus speed shows joint behavior. A
study of direction for, say, 13 to 18 mph wind speeds involves simply

a hi
dire
citi
b.

stogram of one guantity, direction. This histogram shows wind
ction distribution for a given wind velocity. Note higher velo-
es are more likely to come from northwesterly directions.
Speed: X = 12.65 mph, s° = 11.56 (mph)%, s = 3.40 mph
Direction: x = 201.8°, s = 101.3°
Note mean and variance can be computed from frequencies of data.
Consider the sampTe mean: '
n

X = %‘ ; %3
If there are r different possible values and there are mj obser-
vations at value xj, then

n r
121 X; = § (m1x1+ My Xy +...mjxj...+mrxr)




1.21

5|3

Let relative frequency fi =
m m m

- _ 1 2 r
X = I( X-] + T X2 P K XY')

o
X = ) fiX.
1
v
and 52 =) f. x? -
1

This demonstrates that one will find identical values of X and
52 no matter what the sample size if the relative frequencies
are unchanged. In particular, 52 does not decrease with increase

in sample size.

¢. The calm days should be omitted from the direction study. That
is, the results are for wind direction given that it is blowing.
The frequencies should be renormalized to sum to one by multi-
plying each by 100/98.

Recommend speed 1imit of 65 mph and 40 mph for passenger cars on
Route 50 and Main St. respectively.
a. A dual speed Timit for passenger cars and trucks on Route 50

appears reasonable.

b X, mph s, mph
U.S. Route 50
Local Passenger 56.4 8.1
Other Passenger 60.4 6.2
Trucks 48.4 7.6
A11 Vehicles 56.0 8.5
Main Street
Northbound 34.7 .7
Southbound 36.1 9
Total 35.2 4.4



c. Use the 15 per cent rule on Route 50. Political concerns will
\ . temper the Main St. speed limit. If traffic flows freely
without hazards, the speed 1imit will tend to increase. If
special hazards are present, pressure will exist toward a
Tower speed limit.

1.22 t_i = XY X

P variable 13 Yi» variable 2

2 _ 1 2
%= 410D

It

1 1 2
m LDxryy - Lghyg)]

T
m L0x x4y

i}

F LR+ 203, (4= 3) + (D)7

22 2 2
=S sy ¥ 250, =57+ Sy F2ryoss,

For a given S4 and Sos the maximum value of s% occurs when Ty
is a maximum or rip = 1:

5% §.5§ + ZSI§2 + Sg or (S] + 52)2

The minimum occurs for o minimum, r1o = -1:

5 2

2 2
>8] - 2545, + 5, oOF (ST - 52)
1.23 Note that negative blow counts are impossibie but are included in
the first interval so that it is centered on zero. The appropriate
scale is relative frequency per unit blow count. |

1.24 These data are naturally discrete whereas most engineering data, such
as stream flows, are continuous.
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2.5 a)

s e g

A¢ v B

4

b) P[ANB] = P[A] + P[B] - P[AUB]
=0.6+0.6-0.7=0.5
P[A®] = 1 - P[A] = 0.4
P[BUAS] = 1 - P[AnB®] = 1 - (P[AUB] - P[BI)
=1- (0.7 -0.6) =0.9

¢) P[AlB] = PIANB] _ 0.5 _ ¢
P[] 0.6 |
P[BIA] = P{ANB] _ 0.5 _ 5/6
P[A] 0.6
p[B[AC] = P[BOA®] _ P[B] + P[A°] - P[BUA"]
PLA®] 0.4
_0.6+0.4-09 _,
0.4
2.6 a)

S\ B

=

12

;\ \\ \\%3 A\ | \ \ /2o
N\ \k N\ 2o \ b
s} Vo \ e

s 1 % r— T



2.7

b)

i) 3/9 i) 2/9 iii) 2/9

c) i) 5720 i) /20 iii) 2/20 dv) 14/20 v) 12/20 vi)12/20
d) A) B)
A
) } ! Z .
LAY ML
& 7 8 5 6 7
e) No; because 1) the probability of both taking 7 hours is the
product of the individual probabilities, and 2) an 8 hour and
6 hour combination wilil also take 14 hours,
f)
) 1;
"'\'hz “’[&S’
2hat Zhst
] | . i l I
1 3 4 15 o 1 Z 3 % 5

H =[high wind occurs]; E =[earthquake occurs]

a) P[HNE] = P[HIP[E] by independence
=107 x 1078 = 107" Reasonable if this risk level'is
considered negligible or small compared to other undesigned
for events (e.g., meteorite or airplane impact with build-
ing.}
_ _ 1n~D -8 -13
b} P[HUE] = P[H] + P{E] - P[HNE] =10 " + 10~ - 10
2107+ 10829070

The assumption is reasonable if P[ANB] << P[A] or P[B], which it
will be if, for example, A and B are independent and the sum of
P[A] and P[B] is much Tess than unity.
this approximation when the sum is comparable to or even larger
than unity!

A common error is to apply




[N -&:5?s.r¢'>f.ﬂm’&?%

th

c) Let Hi =[earthquake occurs during i~ minute of the year.] .

P[no earthquake in year] = P[H%an "r)H§65x24x60]
5

Applying binomial expansion:

1 - (1078)(5.25x10%) + ... or
1 - 0.00525 = 0.99475

e-(1o“8)(5.zsxw5)

e
m

1l

6
P[no earthquake in 10 years] = (1 - 10-8)5.25x10

=1 - 0.0525 + 1/2(0.0525)2 =1 - 0.052 + 0.007 = 0.949

2.8 Total demand = 4 + number of high demands
Let N, = [there are i high demands].

- - 4 _
P[NO] = P[N1NIW1W]} = (0.3)" = 0.01

PIN,T = 4P[U MWW, ] = 4(0.7)(0.3) = 0.08
PIN,] = 6PLH MMM, ] = 6(0.3)%(0.7)2 = 0.26

PIN,] = 4P[U U HW,] = 4(0.3(0.7)3 = 0.41

- - 4 _
P[N4] = P[WZWZNZWZ] = (0.7) = 0.24

Let x
Final cost C is
C=(rx if x> no. of high demands + 4
{r x + 2r(4 - x + no. of high) if x < no. of high demands + 4
in which r is the initial cost per unit.

number of units provided initially.

The expected fina14cost is
EfC] = rx + 2r ] PINJ(4 - x + 1)

i>x-4
For x = 8, E[C] = 8r
For x = 7, E[C] = 7r + 2r(1){0.24) = 7.48r
For x = 6, E[C] = 6r + 2r[(1)(0.47) + (2)(0.24)] = 7.78r

The optimal value is 7 units initially for this cost ratio and
probabilities.

11



2.9 P[reaching] = P[no hit in foot 1]P[no hit in foot 2]...P[no hit in foot n]

=(1-p)"
(1 - 1720)1° = 0.5087 . (1 - 1720020 = 0.3585
(1 - 1710019 = 0.3287 . (1 - 1710020 = 0.1216

2.10 a) P[inadequate supplyl = § P[inadequate supp]y[Di]P[Di]
= (0)(0.6) + (0.1)(0.3) + (0.5)(0.1) = 0.08

b) P[92|inadequate supply] = P[inadequate supp1y]DZ}P[DZJ/P[inadequate
= (0.1)(0.3)/0.08 = 3/8 supply]

¢) P[pump failure] = § P[pump fai]ureJDi]P[Di]
= P[pump failure] ) P[Di] = P[pump faiture] = 0.02

d) P[BilAncj] P[BinAan]/P[Aan]
P[AIBincj]P[Bian]/P[Aan]
P[A[Bincj}P[BiICj]P[Cj]/P[AICj]P[Cj]
P[A[Bian]P[Bilcj]/P[AICj]

E.g., P[inadequate supply|system fai]urenﬂz]
_ P[system failure|inadequate supplynDz]P[inadequate sunp1lezl
Psystem fai]urelDz]
Assuming, as.stated, that one and only one of the three possible

I}

I

it

modes of failure can occur, the 3 modes represent a mutually ex-
clusive and exhaustive set of events given a failure. That is,
the possibility of simultaneous pump failure and inadequate supply

is ignored.
P[system fai]urefDZ]

3

Plsystem failure|[inadequate supplynDd,]
P[inadequate supp]y[Dz]

Psystem failure|pump fai]urenDzj

PLpump failure]Dz}

Plsystem fai1ure]overloaanZJPfover1oad|DZ]

+

+

12




2.11 a)

b)

c)

d)

But  P[overload|D,] = 0

P pump fai1ure|DZJ = 0.02

P[inadequate supp1y|D2] = 0.1
P[fai1ure]D2} = (1)(0.1) + (1)(0.02) + 0 = 0.12
Thus the probabilities of each cause are
P[inadequate supply|system fai1ureﬂDz] = 0.1/0.12 = 5/6
Plpump failure|system fai?urenDZJ = 0.02/0.12 = 1/6
P[overload|system faiTurenDZJ = 0

Given D1

P[inadequate supp1y]DI] = P[over]oad|D1] =0

Ppump failure[D,] = 0.02

Plsystem fai]ure|D1] =0.02+0+0

Plpump failure|system failurend,] = 0.02/0.02 =1

P[inadequate supply|system fai]urenD}] = PLoverload|failurenD;] = 0

F0 = FlnFZ

PLF ] = PLF,IPLF, s PIFCY = 1 - PIFT1 =1~ (1 - PRI - PLF;D)
| o = PLFST + PIFS] - PLF{IPLF;]
Series: Fy = F%nrg ; PLFCT = PLFIIPLFS]

In former case P[Fg] is Targer than P[F?J, while in latter case it

is less. Former system is more reliable.

_ g2
PLF,]1 = 10

1 2

-1 - -
PIF ] = PIFIPLF,IFy1 = 107" x 2 x 107" = 2 x 10



2.12 Using event notation (random variabl

let Q(i) = [a fractio
J . th

start of i~ year]

(1)
Aj

. th

i year]

R§1) = [a fraction j released i

I§1) = [a fraction j flows in in i

pral?)1 = prof1 = 173
Pral101 = prod)NT = 1/3
prag 1 = prof)hual1dy = 16 + 176 =

e notation is simpler},

n j of the dam is amount of water in dam at

= [a fraction j in dam before inflow (after release) during

n ith year]

th year]

1/3

The amount of water at the start of the 2nd year depends on

(1) (1)
Aj and Ij

eraf?)1 = prallbar{l)y = (73)(2/3) = 279
P[Qgii = P[(Ag}%nlg}i)U(Ag}ﬁnlg}%)] = (1/3)(1/3) + (1/3)(2/3) = 1/3
P[QS?%] = P[(Ag}inig}%)U(Aé])nlg}%)] = (1/3)(1/3)_+ (1/3)(2/3) = 1/3
pra{2)1 = pralVnid )1 = (373 = 19

The values of P[A§2)] follow as above. Finally

praf®1 = pral@ar{2)1 = (2/9)(2/3)
PLOSIAT = (2/9)(1/3) + (1/3)(2/3) =
Lol )1 = (1/3)(1/3) + (4/9)(2/3) =
P[Q%fﬁ] = (4/9)(1/3) = 4/27

See Section 3.7 for a discussion of
is an example.

1L

4/27
8/27

11/27

Markov chain models of which this




Sy

[P —

2.14

P[Z;] = © P[Z,|state jIP[state j] = {0.43, 0.44, 0.13}
J
Plstate j|Z,] = P[Z,|state jIP[state jI/P[Z,] = {0.455, 0.455, 0.090)

Another pit: use last set of state probabilities as prior probabilities
of state, e.g., _
P{50% adequateIZ2 in third pit] = P[ZZ[state 1]P[state I]/P[Zz]

= (O.4)(0.455)/P[22]

Plstate j[Z, in third pit] = {0.37, 0.54, 0.09}

The probability that the source is just adequate is improving, but
stowly, with favorable outcomes. A single test pit carries very
little information.

3 3

n n, 3
a) (n]+,1,1) (n3+n3;3) = (%%) (%—8—) = (g) (—;‘)—) = 1/1000

00|

b) Note the question says "Given a rainy day now what is the probability
that the next three will be dry?"

2
m m ‘ 2
3 2 4 . 9
( ) ( ) =+ (35) =0.648
n3+T3 n2+m2 5
3
a) PIN>3] =1 - 7 py(i)
i=o
) . . .th
b) Tet N, = [no. arriving during i~ cycle].

Pldisturbed twice|no cars at end of previous green]
= PL(N>3) Ny + N,>6)]
= P[N;=41P[N,>3] + P[N,=5]P[N,>2]
+ P[N1=6]P[N231] + P[N,>7]

c) P[N>3] = 0.143; P[(N1>3)r1(N] + N2>6)] = 0.065

The problem could also be solved gjven 1, 2, etc., cars at end of
previous green phase. With a distribution of this number the marginal
probability of being disturbed twice could be found. This problem
can also be treated as a Markov chain.

15



2.16 a) A1l will be teéfed if any of first four is inadequate. Let
Ay = [ith is inadequate]. Several formal arguments will give the
obvious answer of 2/3. For example,

P[A11 are tested = P[A UA UA3UA4] P[A ]

+

P[AZUA UA4]
P[Aln(A UASUA, )]

Since at most one is inadequate

P[A1 (A2UA3UA4)] = P[A}]P[AZUA3UA4[A1] = 0.
Similarly

P[A UA UA4] P[A ]+ P[A ]+ P[A4]

P[A,] = P[A,] = P[A;] = P[A,] = 1/6. Therefore
P[AlUA UA UA4]
Alternatively P[all tested]

PIACNACT = PLASIPIA[AZ]

(5/6)(4/5) = 2/3
The second term is a result of knowing the bad cylinder is one of

the five remaining cylinders.

th th

b} Accepted if and only if two bad cylinders are 5" and 6
PLA nA6] P[A ]P[A [A 1=1(2/6)(1/5) = 1/15
The second term is a result of knowing that one of five remaining

cylinders is bad.

I

1 - P[none bad]
1 - {P[any one good])6 =1~ (0.9)6 = 0.47

c) Plone or more bad]

d) The 6 cylinders may contain 0 to 6 bad cylinders even if the batch
is good. If 3 or more are bad the scheme will definitely test all
cylinders and reject the batch. If there is ejther 0 or 1 bad
cylinder, the batch will not be rejected no matter whether all are
tested or not. If 2 are bad, the batch may or may not be rejected
since they may not be found (part b). Therefore

Placcept] = P[0 or 1 bad cylinders] + P[(2 bad cylindersi{not
rejected)]

16




P[none bad] + P[1 bad] + P[2bad]P[not rejected|2 bad]

(0.9)% + 6(0.1)(0.9)° + 15(0.1)%(0.9)*(1/15)

53 + .35+ .01 = 0.89

These terms require a generalization of Eq. 2.2.18 discussed in
Section 3.1.2. For a "bad batch" only the probabilities of 0, 1,

I

it

and 2 change. .
Placcept] = (0.7)% + 6(0.3)(0.7)% + (15)(0.3)%(0.7)*(1/15)

= 0,118 + ,302 + 0.021 = 0.441
In general one might have several (or a continuous spectrum of)
possible values of p associated with different kinds or degrees of
unsatisfactory batches. Given a probability distribution on
these values and a solution 1ike that above for the probability
of accepting for each value, a marginal probability of accepting
an unsatisfactory batch (with unspecified p) can be found.

2.17 This is a counting problem.
P[10 seats] = } P[10 seats|i cars]IP{i cars]
1

P{10 seats|1 car] = 0;
P[10 seats|2 cars] = P[2 in first car]P[8 second] + P[8 first]P[2 second]
(1/3)(1/3) + (1/3)(1/3) = 2/9
P[4 first]P[4 second]P{2 third]
+ P[4 first]P[2 secondlP[4 third]
+ P[2 first]IP{4 second]P[4 third]
= 3(1/3)% = 1/9
P[10 seats|4 cars] = 4(1/3)* = 4/81
P10 seats] = (2/9)(1/4) + (1/9)(1/74) + (4/81)(1/4) = 31/324 = 0.096

1

PL10 seats|3 cars]

2.18 a) Independence of weighing processes implies
P{A|B] = P[A] and P[B|A] = P[B]
Note € = (ADB)U(ATB®)
Thus P[CT = P[ANB] + P[A®AB] = P[AJP[B] + P[ACIP[B®]
= (1/72)(1/2) + (172)(1/2) = 1/2

S
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and only if
Given A, C occurs if/B occurs, i.e., P[C|A] = P[B] = 1/2

Therefore, for these particular numberical values, P[C] = P[C|A]
implying, by definition C and A are independent.

~ Similarly P[C] = P[C[B], implying C and B are independent.

b)

)

2.19 a)

That is, A, B, and C are "pairwise" independent.

Mutual independence requires

pranBnc] = P[AIP[BIP{C]

But, here, P[ANBNC] = P[AnB] = P[AIP[B] or 1/4, while

PLAIPBIPLC] = (1/2)° = 1/8

Therefore, it is not necessarily true that pairwise independent events
are also mutually independent.

Yes. If P[AnBNC] = P[AJIP[B]P[C]

then P[ANB] = P[ANBaC] + P[ANBNC®]
P[AIP[BIP[C] + P[AIP[BIP[C®]
PLAIP[BI(PLCT + P[C“]) = P[AIP[B]

Events of interest are those of system performance, which in terms
of reservoir level (H, high, and L, Tow) and number of down, N,

- tunriels are

b)

c)

d)

G = [good performance] = HAN,
P = [poor performance] = (Lﬂ(N}UNZUN3))U(Hﬂ(NZUN3))
M = [marginal performance] =(LﬂN0)U(HﬂN])

I

PINJT = py(1 = po) (T = pg) + pp(1 - py)(1 = p3) + py(1 - py)(1 - py)
PIMI = q(1 = py) (1 = po)(T - pg) + (1 - q)P[N,]

PLLIMI = PLLUMI/P[M] = q(1 - py)(1 - p,)(1 - p3)/P[M]

18
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2,20 Let r = 1-p-q

! -
a) pyly) = —2—r (10" y=0,1, 2,...n
yH(n-y)!
If y turn west, n-y are left, and the conditional probability

any one will turn east is P[east|not west] = P[east]/PInot west]

= q/p+q
_ X n-y=-X
Thus pxIY(x,y) - {n-y)! ) (1 - & x=0,1,...n-y
xt(n-y-x)1 ptq p+q 0<y<n
b) py y(x:y) = by |y 6y dpyy)
X n-y=-x
= 1! P (1-0) Y () (2 X =0,1,...ny
yixH{n-y-x)! ptq  ptq 0<y<n

2.21 Apply Bayes theorem

Plcrack|shear1P[shear]
Plcrack]
in which, by the total probability theorem
Plcrack] = P[crack|shear]P[shear] + P[crack|moment]P[moment]
(0.8)(0.05) + (0.1){(0.95) = 0.135
P[shear failure|crack] = (0.8)(0.05)/0.135 = 8/27
P[moment failure|crack] = 19/27 7
Do not repair without further study since 19/27 > 8/27, even though

a shear failure is "indicated" by the crack.

P[shear failure|crack] =

f



2.22

Let T. = [true strength is i]; Z = [strength indicated by specimen j

a)

b)

is 1]

-
= P[z1zoo|T1200JP[212001T12003

(0. 5)(0 5) 0.25
1+ P[z

P[21200 1200”1200J

1}

J000"Z3200 Tra00] = 2(0.5)(0.3) = 0.30

(0.3)(0.3) = 0.09

1 2
PLZ1200"2 70001 T1200

1 2 )
PLZ1000" 70001 T12007 =
etc.

P[Tsoolz1oooﬂzsoo] p[zloooﬂzaoo'Tsoo]P[Tsoo]/P[zlooo Zg0n]
= (0.2){0. 8)(5 )/(0 2)(0. 8)( ) + (0.5)(0. 4)(]0)

_ + (0.3)(0,2)(75
= 0.2]
0.12

PL 1=0.67; P[T

1 2 _
2000/ 1000 00 12001210002 5007 =
Note that the problem does not state that the outcome was Z;OOO
2 . s s ] 2
and 2800’ it might have been 2800 and 21000
It is easily shown that the same conclusion for the posterior
probabitities is reached in either case, or, better still, in the

case where the outcome is taken to be

(21000 800) U (Zsooﬂzlooo)

. . . . j _
i) After the first 1200 specimen, since P[Z]ZOO’TSOO] =0
ii) We "start" now with "prior" probabilities P[TSOO] = 0.21;

= 0.67; and P[T 0] = 0.12.

PLT1000] 120
The cond1t1ona1 probabilities of n stra1ght 1200 specimens are

P[21200“21200r‘ 0205001 T12007 = PLZ92001 T12001" = (0.5)"

n o n
1200’T1ooo] = (0.1

i n
PLZY,500!Tgg0!

(0.5)"P[T1200]

2 -
(O.S)nP[T]200]+(O.1)”P[T1000]

n
1200”- - -ﬂz

1200

(Ty200127200"2

20




) (0.5)"(0.12) ) ]
(0.5)"(0.12)+(0.1)™0.67)  1+(0.2)"(5.6)

Find Towest n such that this probability > 0.90.

n=1 0.48
2 0.82
3 0.96
4 0.99

Conclusion: n = 35 note that the influence of the particular
relative value of the prior probabilities (here 0.67/0.12 = 5.6)
quickly becomes negligible.

2.23 The prior probability of a car Teaving light 2 when Tight 1 is red is
just the relative fraction of the time light 1 is red:
P["red"] = 1/(1 + 1.5 + 0.5) = 1/3; P{"green"] = 1/2;
P["yellow"] = 1/6.
P["red"|delay] = P[delay]|"red"]P["red"]/Pldetay]
= (0.6)(1/3)/[(0.6)(1/3) + (0.2)(1/2) + (0.8)(1/6)] = 0.46
P{"green"|deTay] = 0.23; P["yellow"]delay] = 0.31

A gy e

! 2.24 p[satisfactory|indicated defective] = —{0:050{0.90) = 0.36
a (0.05)(0.90)+(0.80)(0.10)

Note, too, the: probability of the other kind of machine mistake:
P[defective]indicated satisfactory] = 0.023

2.25 a)
X px{x) y = 1000x+100vx py(y)
1 0.05 1100 0.05
2 0.20 2141 0.20
§ 3 0.20 3173 0.20
; 4 0.25 4200 0.25
% 5 0.20 5223 0.20
| 6 0.10 6245 0.10

21




8900
7859
9859

]

= 10,000 - 1100
10,000 - 2141
= 12,000 - 2741

—n
1

b} pI(i) = {0.05
0.05 i

0.05
etc.

1}
1}

s
i

2.26 o STE

d R=r

EVENT

-

-

|X| is uniformly distributed on the interval 0 to 2/2
gy (3= PEXx] = 2 0% Xx < 0/2
2/2

FR(r) = P[R<r] = PIV[X]Z + d% < r] = P[|X|% + d*® < r?]

vrZ-d
/2

d<r<r

=P[|x] <« /T -d7 ] = F,xl(/Ff“:'HT) = o

Folr) = SELFL 20 e gy /2 g oy
L

dr o

fgbﬁ 4
note: fR(d) =

4 o

oo

2.27 ¢ _ _ 7
Pe =P[R <L] = £dr {dz fo L (rs2)

r=0£
if F,  {r,2) = 1/100 0<r<10;

y< @ R,L / -
0<2<10

= 1/2

v
M

if fR’L(P,R) = 1/100

22




S

2.28

\ch

/
(T, Y

a-d a ax\o

<

In the range of r of interest (a-d<v<a) the relationship between
R and V is monotonically decreasing. Therefore

- _ v __dvl
falr) = - ¢ fylv) =-gogv  a-dov<a

v = 9-](F) =a+10 -‘/ %ﬂn(r/c) note negative root is needed

-1 in range of interest.
dv/dr = -b” "{1/2r)/V/In{r/c)

fR(r) = b'1(1/2r)/J2nir7c§(%J(a + 10 - I%&n(r/c) )

100, o b(d+10)?
0 elsewhere
2.29a) Knowing Pyt
py(n) = ;Tzi%gir-pg (1-130)3'n n=0,1,2,3

b) The result above can be interpreted as pN]P(n’p)

Thus (using PN P(n,p) to denote the joint distribution of a discrete
variable N and a continuous variable P):
pN,P(n'p) = pNIP(nsp) fP(p)

S pn(T-p)?"n3p2 n=20,1,2,3 0O<p<l
ni(3-n)i

23



c) The marginal distribution of N is

e)

1
py(n) = £ DN’p(nsp)dp

313 f pn+2(] p)3 n

n'(3-n)! o
For n =20
_ 313 3, . )
py(0) = ———-f 2(1-p)3dp = 3 x 1/60 = 1/20
3lo
Similarly
py(1) = 3/20; py(2) = 3/105 py(3) = 1/2

Fa n(P2) = by p(25p)/py(2) = 305" (1-p)
P

PlP<p, [N=2] = | Ofp,N(p,Z)dp = p>(6-5p,)
0

One can improve the procedure’s reliability (with respect to
mistakenly "approving" bad batches) by increasing from 2 to 3

the number of specimens which must be 0.K. before a batch is
judged acceptable. The price paid is a higher number of good
batches mistakenly rejected, i.e., lower reliability with respect
to this second kind of mistake. Alternatively one can increase
from 3 to say 6 the number of specimens tested in a sample, and
then increase the fraction needed to pass from 2/3 to say 5/6.
The price paid is a more expensive sampling procedure.

2L



2.30 FX(X) = ] - e-)\-x

GX(X) =] - FX(X) =
—_ E-AXO;

PLX 2Xy | X 2_x0]

= &

= ¢

Xﬁ'l A( )
f (x) =— F (x) = [re"?'X17%0 X, > X
x!xixo dx XlXZ‘XO 12 %
0 Xy < X,

Note this conditional distribution is of the same form as that of X,
but shifted X5 units in the positive direction.

= - 7 e MXITXe) gy - 1
X xox " / XFy | xox (x)dx = [ xxe oldx = x, + 3
-0 -0 Xy
oy flx - m )2 (x)dx = +
X1X>x, X]xx ' XXX v



2.31 X

it

strain; Y = stress
k/X = g(X)

fy(x) = [T - cos 21%] 0<x<r

Y

Since X and Y are restricted to positive values the transformation is
monotonic and one-to-one.

X = g 1Y) = 22

dq” ! (y) = 2y /K2

dy
-1
fy(y) =lg§y~b’—){ £ (a7 ()

C2
= fg_c [1-cos(zrr_,:_2_)] 0 <y <kk
r

2.32 a) ,fz(z)

7 f,(z)dz = 1
0

b) The relationship is not one-to-one.

For y < d, Fy(y) = P[Z <y] Y, SRy -
d(Ad+2)

For y = d, FY(y) = P[Z <c+d] = 1 - P[Z >c+d]

T2 _-A(z-d) 2 _Ac

=1-f e dz =1~ == ¢
chd AdF2 Nd+2
. =1 - _7 2 -A(cty-d)

For y > d; FY(y) =1 =-P[Z>cty] =1 TqiT ©




2.33

Fyly
'
1 r////’,_,_
I
a
£
a)chos%dx=1=N—t}-%; N =
-
b)
)
Ly T &y
-€ ° €

X
c) FX(X) = _EW—E cos

2

U _ LT
T du = 1/2(1 + sin 7e

d) P[X > ef2] =1 - FX(S/Z) =1 - 1/2(1 + sin 7/4)

= 0.1

47

e) PLIX] > g/2] = P[X < -¢/2] + P[X > e/2] = 0.294

£) £, (x) = 9Ex) .

a—% [1/2(1 + sin

X

2e

27
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i
A

cos

X
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2.34 For smooth FX(x):

]

Fu(u) = PLU < ul = PLF,(X) < ul = P[X < Fy' (u)]

lI]

-1 _
FX(FX (u))=u 0<uc<]

f,(u) = dFy(u)/du = 1

-1
Fxb‘)“ Fx(‘-’)ﬂ = X
1
o
° |
I Yo la— .
% . L L o u
xo .—x U..; 1 -
-1 \
Py 604 Rellp=x
1 ' /
Uo ot Xo 4 —mg
: . -
Xa X Us 1 . -
F:l(u =
5@ =
With 'Hf;'ls dg.E'iuH'iou
4 . o R
, PIX< R - Plueul]
uo | X.;, be— ;
l - | - L
X o g 1
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2.35

2.36

For Fx(x) =1-eXUu=1- e *: X = F“](U) = -an(1 - U)

Therefore an observation of U equal to 0.51, implies an observation of
X equal to -2n{1 - 0.51) = 0,713, Similarly for u = 0.20 and 0.98,
= 0.223 and 3.912.

1 ¥, 1 cb+1 Y-Y4.b o cly- r
a) fy(Y) = |F1 fx ( 7 ) = - —57“{ )_ (y-yo)/ y2y,
2 y-y Y
- EF (~: 0y o 2(y-yg)/r vy,
0 elsewhere

b) i) E[Y] = EEYO + rX] = Yo * PE[X]
o b+]
E[x] = [ x£~57-xb e Xy =
A I
P (be1) ? P2 hyy -cxy
BT b¥2 — / TB¥T)1 x €

The integral equals 1 since the inteqrand is a proper density
function (1ike that of X with b+1 in place of b).

E[X] = b+1 _I+1 1

2
E[Y] =y, + rE[X] =y  + r
) EY] = [ yRy )y = Ty S (20) ¢ 20¥o)/rg,
Yo

[}

Change variable u (y yo)/r and proceed as above.

ELY] = y, + r(b+1)/c

a) E[X] = 1p +0(1 - p) =

var[x] = E[X°T - E2[x1 = (1%p) - v? = p(1 - p)
§%§£[51_2 0=1-2p; maximum at p = 1/2
For p = 0.5; Var[X] = 0.25 For o = 0.1; Var[X] = 0.09
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b)

c)

oo e-klx

ELXT = ) x py(x) = 1 x =34
x=0

First term is zero, therefore

© AL X o -l x-1 - x-1
_ e "N _ - e A

(1= ] oxSRes 1 G It

Let u=x-1

ELX] =2 ZO EET‘“‘ = A since the sum is over a proper PMF

This is an example of evaluating such sums by manipuiating them into
recognizable sums over proper probability distributions; such a sum
must equal unity. '

o “A X
E[XZJ - z X2 exll
=0 *
As above
o -xy %=1 o =AU
2 e "\ e ")
E[X“]1=Xx ] x A= ) (ut1)
21 (x-171 420 u!
o =AU @ =AU
by A
=a( Ju + )
%o u! Zp ul

The first sum is the mean of a Poisson distribution, the'second is
unity.,
E[X2] = A(0#1) = 32 d

AT T A

Var(X] = E[X2] - E°[X] = 22 + & - A2 =
Iy = VA
For X = 0.5; m, = 0.5 o, = 0.707
For x = 2; m, = 2 g, = 1.41
Area 1 = a/(a+b)
— 2/(84+5) Area 2 = b/(a+h)

O @

-a 0 b

30




E[X] is the first moment about zero:
[(Area,)(distance to centroid of areaT) Centroids are at 1/3
of base from O.

) = 1/3(b-a)

1

2
a a b \b
20(- 3 + (2% = /3R

E[ij is second moment about zero
By parallel axis theorem

E[Xz] = Y(Area,)(distance to centr‘oidi)2 + Y{Second-moment about own
! centroid)
a 2 3 b3
- 35 S5 Gw) 0w T 0w

aS+p3 - (a -ab+b?)
6(atb) 6{ath)

H

2 = E[ij - EZ[X] (again the parallel axes theorem)

33

1718(a2+ab+b?2)
1/3v2(a2+ab+b2) /2

Q
"

2.37 a) PLfirst occurrence in k] = P[no occ. in 1jocc. in 0IP[no occ. in 2]
n occ. in 0 and none in 1]

% P[no occ. in 3focc. in 0 and none in 1 or 2]

x P[occ. in k]occ. in O and none in 1, 2, ...k-1]
(pa)(pa )(pad). .. (pak" 1) (1-pa¥)

[N k(1-—pa )
in which ny = 1T+2+3+ ...+ (k-1)

1-P[X > x] = 1-P[no occurrences up to and including year x]

b) Fy{x)
1-fpa)(pa2)(pa3)-..(pax)

1-p* a X1

[}

31



2.38 [ a e P qr = §-= 1 or a=b

_-br .
fR(r) = be

Note that fR(r)dr can be interpreted as the probability that an
arbitrary person lives at radius r to r+dr, or as the (expected)
fraction of all peopie T1v1nq in that small radius interval (since

Z P[ath person lives in the interval]
i=]
= —f (r)dr where m is the total population). For large m the

(random) fraction of the population living in the interval is with
high probability very close to the expected fraction, by the Law of

this expected fraction is o

Large Numbers, Problem 2.43.

[ Falr)dr = 1-0.75 = e 0; o ro= - 24n(0.25) = 1.386/b

r
0

a) [ rfR(r)dr = 1/b This mean radius would vary from city to city,
of course.

b) The conditional distribution, given A, i.e., that a resident Ties
with 0 to 1.386/b from the center is, )
falr)  fplr)

0 elsewhere
o 1.386/b
£ rfRIA(r)dr 473

be'b 1.386)

Ydy = 4/3b(1-(1+1.386)e”
e}

0.55/b

il
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2.39 x = g(t) = ¢ 0<t<b
d+t t>b

t
= =1
Fr(t) = £ fT(u)du =< 0<tza

Working with the CDF of X, consider different values of x:

Rl }
A4
bl
f
C  Tord oea e
FX(X) = P[X < x] = (0 X <C
PIT <b] =2 ¢ < x < bHd
1P[T < x-d] = 5%9- b+d < x < a+d
g X > atd

X is mixed random variable. If T takes on any value between 0 and b,
X will equal c¢. If T takes on a value greater than b, X = T + d.

2.40 a) 0.11
b) 0.49
c), d) px(x) = 0.01 x=1.5 0 = DX[Y(X, 1 3/47)
0.16 x=5.5 1/11
0.34 ' x=10 3/11
0.36 x=15.5 4/11
0.11 x=21.5 2/11
0.02 x=28 1/11
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e) pY|X221_5(y) = 1/13 y=1/4xw

1/13 . y=3/8n
1713 y=9/8
1713 y=5/4
1713 y=1 1/8n
1713 y=1 1/2r
3/13 y=1 3/87
3/13 y=1 3/4=
1/13 y=1 5/8r
2.41 P[T > 30] = Yy PLT > 30|Type i is first]P[Type 1 is first]

i=1,2,3
P[T > 30]Type i is first] = P[Xi >10] =1 - FX (10}
i
in which Xi is a random variable with distribution

£, (x) = A.e™MX, or 1 - F. (x) = e X,
Xi i Xi
Thus
PIT > 301 = e 1003 (172) + & 1001/5) 73y 4 710(178) (4 5

(.036)(1/2) + (.135)(1/3) + (0.288)(1/6)

0.018 + 0.045 + 0.048 = 0.111

A

The control plan could be improved in reliability by basing the
decision on the type of truck as well as the time observed. A

"sTow", type C truck is quite likely (0.288) to take more than

30 minutes even if the operation is running as planned.

2.42 o2 = [(x-m)2F(x)dx

—0

m-ho m+hg

= f(x-m)zf(x)dx + f (x—m)zf(x)dx + T (x-m)zf(x)dx

-co m-ho m+ho
Since (x-m)zfx(x) is non-negative, we can drop this term and say

-h )
o° 3_mf G(x-m)zf(x)dx + (x-m)zf(x)dx
-00 mt+ho
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2.43

For x > mtho, x-m > ho and (x-m)2 3_(ho)2. Similarly
for x < mho, (x-m)° zn(ho)z; therefore replacing (x-m)? by h%?° can

only increase the right hand side:

m- ho
% > j hZo f(x)dx + f hZolf f(x)dx
mtho

The right hand side is simply hzcz(P[X5m~hd] + P[X>mt+ho])
Therefore, dividing by 02, and combining the probability statements

PL|X-m|>ha] < 1/h%

= 5000 and o = 1000
1/h% = 0.5; h = v/2; 5000£1000/2
1/h2 = 1-0.75; h = 2; 5000£2000
1/h2 = 1-0.9; h=/10; 5000:2000/10
1/h% = 1-0.99; h = 10;5000210,000
ELY] = E[L JX,1 = 600x.1 = L JErx, 1 =L gn = M0 =
n T n 1 n n

2
Var[¥] = Var[l Jx,1 - ;%-Var[zxi] . ;?-EVar[Xi] - 9i§-= 2/n

o, = a/v/n
Chebyshev's inequality gEq.(2.4.11)) says
o
PLIY-m] <e]>1 - -é-Y~—
o2
PLIY-m] <el>1 - =
ne

For arbitrary choice of tmall) ¢, the probability that Y lies
within ¢ of-m can.be.made-arbitrarily.close. to _unity by increasing
n. So for Targe n Y is very Tikely to lie "close" tom. In
particular, if the Xi‘S'are (0,1) Bernoulli variables, then Y

is the relative frequency of successes in n events and it is close
to E[X] or p, the probability of success with high probability if
the number of trials is large. In this sense probabilities and
relative frequencies of events are related.



2.44 X and Y independent implies:

2.45

2
fx’y(XsY) = fx(x) fy(y) = §g_r.; (9 - y) X 0 <x<r

PL{x < 1/2r )N {y > 8))1 =

9 1/2r, 9 1/2r,

3 2
/ fy y(uy)dxdy = [ f (9 - y)}°X dxdy
8 o XY 8 0 32r0

- W2

= r0/256
m = mean strength
s =.specified strength
o = standard deviation
k = number of standard deviations by which s must 1ie below m
m=s + ko

m=s + kVm

_ S
m TRV
Note the impossibility of achieving a specification of conservatism
k if V> 1/k. | '
s = 5000 psi; Va = .15; Vb = 10y k=2

_ 5000 _ ,
ma T1T03 ~© 7143 psi

_bgoo  _ .
mb *10.2 ° 6250 psi
my - m = 893 psi

V=15%
5;00' G.oco 7:;00 3::499 Qooo

] I |
S My My

36
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et

” : Y
[ o4
m, = 1.5 in2 V, = 0.05 o, = 0.075 in?
A A ' A '
mFy= 42 ksi VFY= 0.07_ UFY= 2.94 ksi
mp = 20 din : VD = 0.015 op = 0.3 1in
m, = 10 in VB = 0,02 op = 0.2 in
me = 5 ksi V. = 0.75 g = 0.75 ksi
I:(: FC FC
mK = 0.6 VK = 0.1 oy = 0.06
E(M) = E[Q(Xi)] - g[E(XT-)J
my = (1.5)(42) [20 - (0.6) {1-2)(42)
(5)(10)
= 63[20 - .756]
My = 1210 in.kips.
n T g(x.) | T2
Var[M] = §  var[X,]] ——
i=1 3 X;
3 m
For example
d g 2AFY o
_2 ! = - 15)(42) -
A FY(D - K EE ) = 42(20 - 067k ) 776
m C m
3 g 2AF
=— | =AD-K=—L)| =27.7
aFY FCB
m m




2.46 (continued)

[

2
(%ﬁ-) = 603000 Var[A] = 0.00563
39 2
( aFY) - 768 Var[F,] = 8.65
(2 )2 = 6320 Var[K] = 0.0036
Y
2
(5%9. ) = 253 Var[Fc] = 0.563
C
2
( —g—%) = 3970 Var[D] = 0.09
2
() =632 Var[B] = 0.04
Var[M] = (0.00563)(603000) + (8.65)(768) + (0.0036)(6320)
+ {0.563)(253) + (0.09)(3970) + (0.04)(63.2)
= 3390 + 6650 + 22.8 + 142.5 + 357.3 + 2.5
var[M] = 10,565(in.kips)?
-_— ¥ 1:,555 _—

Even though VF is the largest coefficient of variation, A, FY’
c
and d contribute most significantly to Var[M]. Therefore engi-

neers wishing to reduce Var[M] should concentrate on lowering
the variance of steel yield force and steel placement, not
concrete strength. It is easily shown that depth and concrete
strength are dominant for shallow beams or slabs (assuming op
does not change). Compare VM with those of the components.
It is approximately equal to /vﬁ‘i"vﬁ;fr“vg"

approximation if M = (constant)AFYD, which is approximately true

which would be a good

for such beams.




2.47 ¥ = (X ~ my)/oy
X ™
T oy 9
™
a} E[Y] = E[ ——-] - E[ ——J L ELx =
' X
but E[X] =
1 My
E[Y] = —m, - — = 0. Q.E.D.
(Y] Oy X Oy

b)

Var[Y] = VarE~K] - Var[TEJ = Var[-ﬁﬂ
o o o
X X X
we know Var[aX] = aZVar[X] where a is a constant

Var[Y] = Var[X] = —-Var[X]
X Oy
and Var[X] = ci by definition

Var[Y] = m%—{ai) - 1. 0.E.D.
g
X
X=m Z-m -m X-m Z-m
Cov[—% ; =4 = z)] - £l XJ E[—2]
ox 7 Gy
X- m Z- m
= E[{— )(
Cov[x_mx , Z-mz] - XZ ) mXZ ) mZX . :XZZ]
S %7 %%z 9%z 9%z O%°z
- MyMz
f& 9%97 9%z Ox°z

39



2.47 b) continued

_ Cov[X,Z]
= S=mkl? = = g N.E.D.
GyT5 X,z

2.48 m[X] = mgn, = (0.659)(7480) = 4920 psi

22 22 22

OpOy * Moy + Myop

(0.165)2(0.15)%(7480)% + (0.659)2(0.15)2(7480)% + (7280)2(0.165)2

4+ 56.0 x 10% + 152 x 10°

6

Var[X]

]}

1}

3.44 x 10

2.11 x 10

o 1460 psi

X

2.49 a) Z

aX + by
cX + dY

CovlZ,W] = E[Z, W] - E[Z]E[W]
M = (aX + bY)(cX + dY) = acX

2 4 beXy + adXY + bdy?

Cov[Z,W] = ac E[X2] + (bc + ad) E[XY] + bd E[YZ] - EfaX + bY]JE[cX + dY]

2.2
= ac(cx+mx) + (bc+ad)(cxy+mxmy) + bd(d%fm$) q
- (amx+me)(cmX+de)

_ 2 2
Cov [Z,4] = acoy + bdcrY + adoXY + bCGXY
b} Z and W uncorrelated if cov[Z,W] = 0

2 2 _
acoy + bdcrY + adcXY + bchY =0

This is one reguirement, so only one coefficient is not arbitrary.
Let a, b, ¢ be arbitrary. Solve for d.

2
xytaoy )

N
adxv+ch

bo
d=-¢c (

2
IytIyy _ Proy/oy

e.g., if a=1, b=1, ¢=-1, then d =
oytoyxy  Ptoy/oy

L0
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2.49 (continued)

aX + by
cX + dy

c) X=a'Z+b'W =
Y =¢'Z +d'W W=
7= 34y
T}
=S+
d d
(B- =gz -
_d b
X ad-bcZ ad-bc W
Similarly
Y = S 7 F—M‘ i
bc-ad c-ad
Thus
| I d
& * 3d-be
bt = D
ad-bc
¢! = =5
ad-bc
. _ o a
d' = ad-bc
Recall from b
a, b, ¢ can be arbitrary d =
p+o,/o
Xy
e.g., a=1, b=1, ¢=-1, d = —/——5—
o+UY/0x

o
]
[ oy a
el e i
ol vl vl

j= N
11
ja
4
—_



d) For the values of a, b, and ¢ above, d = 1.
Z has mean atb = 2 and standard deviation 0.25v2
W has mean -1+d = 0 and standard deviation 0.25/2
For each sample of X and Y generate a sample of a normal variable
with mean 2 and standard deviation 0.2/2 and one with mean 0 and

the same standard deviation.
A sample of a normal variable with mean m and standard deviation

o cah be obtained by taking mtou where u is a sampie of a standard-
ized {m=0, o=1) normal variable. This can be found directly from
available tables or subroutines. Alternatively a standardized
normal sample can be found (approximately, section 2.3.3 and 3.3.1)
by adding 12, say, samples of a simple random number table or
generator (uniform on 0 to 1). Since this sum has mean 12(0.5) = 6
and variance 12(1/12} = 1, the sample sum of 12 random numbers
should be modified by subtracting 6 {and dividing by 1).

With a sample, Z; and W, of random variables Z and W, a sample
of an X and Y pair is found by

zZ. -

X: = 3

i vy

1

z. +

i Wy

i

PO = Pof

Y; =

]

2.50 E[C] = E[a(x+Y)2] = E[a(X2+2xv+Y2)] = aE[X®] + 2aE[XY] + aE[¥?]

2,2
a{m +0X) + 2a{Cov[X,Y] + meY) + a(m$+c$)

2 2 2 2
a(mx+2meY+mY) + a(GX+ZDGXGY+GY)

2 2 2
a(mx+mY) + a(cx+2chcY+0Y)
Note how this result compares with the "deterministic value",

a(mX+mY)2. Note the special cases of p =0 and p = 1.

L2




2.51

—_—t—y
<
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L ]

d)

f)

¥
ko 4\ 2z 7

bk

feiy
3 \ Z. 2 =

My

‘YY(7)“
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My



2.52

yn/

(s

= X

—
Fz(z) =P[Z<z]=1-7P[Z> 2]
=1-f7 fX,Y(X’y) dxdy
Rshaded
0 z/y
1- [ dy f dx fy y(xy) - f dy f dx fy y(x,y)
- 2/y
dF,(z) 0 z/y
f702) = —f—=- [ iy £ T fy(x) ff (y)dy 43 z;yfxm dx
¢ 1 1
=-ff(Y)fx() y+ff(y)fxy)ydy

S IRNCILE
g 2y 1,
fZ(Z) = égfx (}') vy y
Y4
£
a8

Substitute for fx(x) which equals

g—xfor‘o;_z_xi&

For x=z/y, this implies 0 < z/y < 3,

or z/3 <y < o,




2.52

b)

c)

2.54

(continued)

_ € 1 2 ,zy 1] (2)
fZ(Z) 253 c 9 (y) y'dy fﬁ
Lz fy 3¢
952/3 y2
) 3E
=5 (1 - 32 ) 0<z<3e
Var[XY] = E[X2Y2] - (E[XY])2

Since X and Y are independent, X2 and Y2 are independent

ELXPIELY?] - (E[XIELYD)®

2. 2 2.2 22
(mx+cx)(mY+cY) - myrmy

i3

Var[XY]

It

L]

i
Q
>

(@3
—

+
=3
<

a
-~ N
+
=
- N
G
> N

Var[z] = E[z%] - E9[1]

3e
2
E[z] = [2f,(2) dz = 52 [ (0 ) zdz =
2

ELZ%] = f2%f,(2)dz = 3¢

2

/2
Var[Z] = 3¢2/2 - €2 = 2

N('l)_l

Second method requires calculation of Mys Mys Ui, and 03 and

substitution into the results in b.

Rly) = é fy(x) dx
Y
where RY is region where ceX <y

e+ x<iny

X <ny - &nc=2n (%)

5



2.54 {continued)

2.55

2.56

K0,

g, (2D 7
FY(y) =f re" M dx = -7 ¢

0 0

-A
FY(y)=-(%)+1 y>c h
c /

py(x) = (1-p)* 1 p x=1,2,3,
pyly) = (-p)! p y=1,2,3, ...
Z=X+Y
pr(z) = )} PLY=y)N(X=z-y)1 ] py y(z-y.¥)

all y *
pX,Y(x,y) = px(x)pY(y) if X and Y independent
Py Y(x,y) = (1~p)x'1p(1—p)y'] p = (1-19))(”'2 p2 for X and Y positive

’ integers
Py y(z-y,y) = p2(1-p)2 Y2 = p2(1-p)% % for z-y and y positive
? integers
-z z-2 2 2.2 2 %31 v n2=2 2

p,(z) = Z} (1-p)*= p™ = (1-p)™ "p 211 = (z-17(1-p)77% 0™ z = 2,3,...

¥= y=

Z is the number of specimens that have to be tested before a total of

2 unsatisfactory ones are found. The probability that Z = z is clearly
the probability, (z-])(1—p)z'2p that in the first z-1 specimens exactly
z-2 are unsatisfactory and some of the z-1 is unsatisfactory times p,
the probability that the last is unsatisfactory. See Sec. 3.1,

A = water made available since previous September
R = water released since previous September |
A - R =S, water in storage during summer
3 = surface area = cS where ¢ is a deterministic proportionality constant

L6




2.56 (continued)

L = K where K is a random proportionality constant
L is water lost due to evaporation
Assume all factors independent.
L =K = KeS = Ke{A-R) = KcA - KcR
Assume A, R, K uncorrelated. This may not be reasonable for A and R.

my EfKcA] - E[KcR] from Eq. 2.4.23

H

cE[KA] - cE[KR] from Eq. 2.4.21
E[KA] = E[K] E[A], F[KR] = E[K] E[R] from Eq. 2.4.86

m o= Comma - Cmmy
m o= c mK(mA - mR)

Var[L] = Var[cKA - cKR]:; note X = KA and Y = KR are correlated,
since both depend on K. Either find this correlation
and apply Eq. 2.4.82 to X and Y or expand:
Yar[L] = E[(cKA - cKR)2] - mE
= cPE[K2A - 2kPAR + KPRP] -l

Assuming lack of correlation between K? and A2, etc. {strictly this
is not necessarily implied by lack of correlation between K and A
although it is by independence of K and A), E[A%K?] = E[AZIE[K?]

var[L] = cA(ELKZIELAZT - 2E[KPIECATELR] + ELKPIELR®D) - nf
= Z0k?) (E[AP] - 2mymy + ELREY) - f
Replacing E[Kz] by-mﬁ + cﬁ, etc., and collecting terms

, . ) 2
= cz[ci(cﬁ-+ cﬁ + (mA+mR)2 + mi(oA + Ui)]

Note the influence of neglecting any one of the variances.

L7



2.57

2.58

d 2534z ® zZAe-k(z"d)dz

a) E[Z] =fm zfz(z)dz = [ £2£282 47
=00 0 d(Ad+2) d rd+2
,._2.,. Mi+d+l
Ad+2 3 A
b) E[Y] = £[g(z)] = fn a(z)f,(z)dz
d d+C oo
= fO 2f,(z)dz + [ df,(z)dz + [ (z-c)fy(z)dz

d d+c

_ 2 1, .2 1 -ic
—W[gﬁ\d +d+xe ]
Notice that increasing the capacity c will decrease the expected

water released. For infinite capacity the expected release is

2 Ad+3
3d(

Ad+2) which equals %—d for large Ad and d for small Ad. For

fixed d, Ad is large if A is Targe, i.e., if the upper tail of fz(z)
falls off very quickly. (In this example one cannot separate out
easily the design implications of changing the target draft.d since
distribution of Z includes the same d as a parameter. In fact the
target draft is now set equal to the most 1ikely value or mode of Z.)

my % 1.25 on'/?
op ¥ 0.272 on'/?
o 1/2
) Vg = EE - ?22220:?/2 - 3555 - 0.218
b) r, = mp + Kop = design value
K=2 1y =mp+ 2o
ro=1.25 on'/? + 0.508 on'/% = 1.794 on'/?

L%




2.58 (continued)

2.59

Yo _ 17940 _ . 4,
MR 1.25 cni;z

The design range depends only on the second moment of the annual

impoundment.
Design for an infinite Tifetime is not possible because this would

require an infinite design range.
The design range is not too sensitive to the design 1ifetime. For
jnstance, for n = 50 (and K= 2) ry ° 1.7940v/50 = 12.70

for n =100 (and K = 2) ry = 1.7940/100= 17.9c
Design range increases as square root of design lifetime.

[}

1

Siyq = (S, + X, - d) = storage at end of (i+1)th interval
Xipp = inflow during (i+1)th interval
d = target release
0<ac<l

X's* uncorrelated with My oi.

S_i = a(s_i”»[ 5+ X_i - d)
Sjop = alSjp * Xy - d)
Substituting S._; into 5, and then S, , into the resulting expression

for Si’ etc., one gets

2 3

5, = a(X;) -ad + a2(X;_y) - a%d + a2(X; p) - a%d + ..
i
+7-
sy =3 [aTN(x, - )]
n=1
i i
ng = El5,1=0 L2 Mmy - )1= (=) 1 G
n=1 n n=1
For Targe i
i
-E_im ai"']-n = _a._
oo n§1 1-a

L9 \



2.59 (continued)

_ 2 )
Mg = 7o (my-d)

] j+1-
o =7 Var[a'"'T(x -d)]
i n=1 n
i .
- E_! (a2(1+1-n))0§
n:
2
a
ol = ok
s 7.2 X

Now check continuity equation for large i. Taking expectation of
both sides:

mg = a(mS +my - d)

--(mx - d) = a(?%g-(mx - a) + my - d)

1-a

a = A ; 1-a ; S -
T:E—(mx -d) = a(.l_a (mX a) + — (mx d)) a(]_a (mX d)); 0.K
Variances of both sides are:

2._..222
og = a (US + GX)

2 Z 2 2 - .
62_2822_23 21"'&2 2]'2

o2 = a“( o2 + g2) = a{ o2 + o2) = a“( g2); 0.K.

1-a2 X 1.8 XK 1-a° X 1 K 1-a¢ %

For a = 1, as the design life increases, the uncertainty in the
carryover in any year (og) becomes infinite. The capacity would
have to be exceedingly large to maintain this policy.

b) storage at time (i} + inflow during interval (i+1) - Release during
interval (i+1) = storage at time (i+1)

S+ X 7 Vi T %
Si* Xiap = Yiag T 2055 F Xyyy - )
Vipp = S; + X4 - a5, - aXy, +ad

| Yi+1 = (1—&)()(,M + Si) + ad

50
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2.59

c)

(continued)
Substituting as in part a:

- 2 2
Vo = (1-a) (X, +aXy - ad + 2%y - a%d + ...) + ad

For large i:
my = (1-a) (7 (my - ad)) + ad -
my = My
and
2 _ 2 22 4 2
ay = (1-a)(ay,; + 2 °X1 + a 0X1—1 +..))
2 _ 1 2
oy = (1—a)b-?-ox)
1-a
_1-a 2
= TT+a)(1-a) X
2 1-a 2
Oy (1+a ) cx

After many years, the average release equals the average infiow.
This is necessary for the system to be stabte.

For a = 0, the storage each year js zero, so the release just equals

the input. Thus 03 = oi.
For a = 1, the release always equals the demand: Yi+1

il
o

Therefore there is no uncertainty in the release, and oy = 0.
r
_ COY[S.E ’51"*‘1] ) COVLS.I ’Si'l-]]

Ps. 5., “0c © 2
i i+l Si Si+] : a 2) Ui
1-a

S = a(Si + Xi+1 - d)

i+1

543441

= 52 - - -
= a2(S;S; g + SiqXiaq - OS50y * X3Sy T iXyug - dKy - dS

i

(1~a)(X1+]+Si)+ad

- i
+d?)



2.59 (continued)
2 2 2

E[S, S1+]] E[SiJE[S 1=a E[S $S5. }] + a E[X S ] - amg - a“myme
S; = a(Si~T +X, ~ d)
3
Siop T At

£5;S;¢] + EDXS.T = E[S,(S,_; + X;)]

S,
1
E[S;(—5 - X, +d + Xi)]
N
= E[; S§ + Si4]
g2 . 2
- =glmg + o5} + dmg
2 22 2

.2 2
E[S. SH]] ELS. ]E[S_iﬂ] = amg + aog + a"dmg - aTmg - aTmyme

2.2 2 2 2
ams+acs+a de mg -a mX s

e aj

1-a Ui
After substitution for Tg and Mes P = 2.
If a=1, we can predict Si+1 perfectly once we know Si; in fact both
are always d.
If a = 0, we have no better estimate of S. T

equal the respective (independent) inflows X1+} and X -

if we know Si’ since they

d) For a =1,y =d is only valid for d < z < d+c.
If the available water is less than z, there will not be enough
water to release d.
If the available water is greater than d+c, releasing d will leave the
dam overflowing, implying a release greater than d.
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2.60 a) Y has uniform distribution fY(y)= %H’ %-d <y<2ad
u =gy + (v-gd) y <d
u = hy + {v-hd) y >d
(= ] oy + (v-ga))d 3 ( :
= gy + (v-gd)}zy dy + {hy + (v-hd)} = dy
d/2 3d d 3d

I

2 13gd%/8 + (v-gd)d/2 + 3nd/2 + (v=hd)d]

b} If fY(y) js available simply integrate as in part a. If not,
find U as function of Z. From Prob. 2.32:

y=2z 0<zx<d

y=d d <z < dtc

y = z-C d+c < 2

u =gy + (v-gd) = gz + {v-gd) 0<z<d

g4 = hy + {(v-hd) = hd + v-hd = v d < z < d+c
u = hy + (v-hd) = h{z-c) + (v-hd) d+c < z

From Prob. 2.32 we have fz(z):

d d+c -x{z-d)
2Az dz Z2xe dz
E[U] = [ {gz + (v-gd)} + [ v} g
o d(\d+2) q Ad+2

o ~x{(z-d}
2)e dz
+ [ {h{z-c) + v-hd}
e xd+2

2
_ 2 _aad vad h -ic
BVl =5qy "%t tviye

The dependence on g and h is of interest, but in this form it is
difficult to deduce the dependence on the target release d, because
the distribution of Z has been written in terms of d.
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2.61 (f-h)
(g-f)

i}

benefit per unit Y above
benefit per unit Y below

[on S o T

(actually (f-g) per negative unit
Y below d)
{g-f) (fraction of time below d)

(f-h) (fraction of time above d)

fraction below _ f-h

fraction above g-f
and fraction above + fraction below = (f-h) + (g-f) = g-h

t- é}%'= percentage of time below d = FY(d)
%§§.= percentage of time above d = 1 - F, (d)

Find the expected value of U as a function of d and differentiate
with respect to d. Let Vo equal the v-axis intercept of v(d).

d o
E[U] = [ [gy + (v +fd-gd)] f (y)dy + [ [hy + (v +fd-hd)]1f,(y)dy
0 d

d w
= fe gyfy(y)dy + (v +fd-gd)Fy(d) + Idhny(y)dy+ (vg+fd-hd)[1-Fy (d)]

Taking derivatives with respect to d, setting equal to zero and solving
gives the desired result. - :

X

2.62 a) i) Since e =1 + ux + %(uxlz +-%r CUX)B + ...

E[eUX]
1 + uE[X] + %-uZE[xzj + %-U3E[X3] b

M{u)

i

dguu) = £[X] + uE[X2] + %—uZE[X3] + ...

dgg“) o E[X]

5L

i




2.62 {continued)
i1)

2
Q—Mégl-= E[x%] + uE[XCT + .

du
2
du2 a :
u=0
b) eX = 1 4 jux + %{iux)z + %T-(iux)3 ...
z(u) = E[e]uxj

k
As above d Cku) = ikE[Xk] + uik+]E[Xk+]] + other terms involving u
du

k
Thus ngégl_ = ikE[Xk]

du

and ELXKT = 1 d¥e(u)

E[eUY]

It

c) MY(u)
but Y

il

Q(X],XZ) = X1 + X2
EEGUY] - E[QU(X'I"‘XZ)] = E[euX]euX2]

Since X} and X2 are independent, the expectation of the product
factors into the product of the expectations (this can be demon-
strated by substituting into the integral definition of expect-
ation).

E[eUY] = E[eUX] ]E[eUXZJ
M =M M
o My(u) = Hy (W) ()

Proof for the characteristic function is similar.
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2.62 {continued)
d) oo 20
g, -2 -2 ] -
Mo(u) = fa Ul 26" 2rip = 2 fd o(u=2)ry. . u_vae(u_}e)r

For u < 2 the integral converages:

-2
MR(U) - u-2
dM,(u) dM_ (u)
R -2 R 1
= 2(u-2)"% 5 E[X] = —— = =
du du 4=0 2
d?Mo (u) _3 o M) :
= - 4(u-2)""; E[X°] = ———— = &
clu2 du2 2
- u=0
5. dM (u)
Similarly, E[X’] = 3 _3
du uw=0 2
L
E[X7] = Té’

2.63. The relationship between Y and T-is- not one-to-one.
a) t= 1x/y-2 t>0;y>2
Fyly) = PLY <]
PL1-y-2 < T < 1+/4-2 ] 2<y<3
PLT < T+{y-2"] y 23

Y &
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2.63 (continued)
FY(y) = FT(HW ) - FT('iw"_y-? ) 2 <y <3
Fr(1+-2) y >3

In this case

Frt) =1 - et t>0
FY(y) _ fe~3(1-2y—2)_e-3(1+2y-2) | 2<y<3
1 - e 30145-2) y >3
|
. - =2 -3/-7
fy(y) = |3y 12z, 3[e3 y-2 | om3% 1 2 <y <3
Iiy"u2 6303 y-2 y >3

\

) 1) YD = ]y

i) E[Y] = f; g(t) F(t)dt
e here
iif) E[Y] = fo [1-Fy(¥)1dy = f2 [1-Fy(y)1dy

The last result is sometimes useful when one has the CDF but not-the
PDF. It holds if Y is restricted to positive values and if
y(1-FY(y)) =0 at y = ». It can be proved easily by applying the
formula for integration by parts to the definition of the mean.

By any of these formulas (the second is easiest to calculate)

E[Y] =E[(T-1)2 + 2] = E[T?] - 2E[T] + 3= 45 - 2+ 3
Y
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2.64 Assume for simplicity that the best estimates (means) of the costs
(X], Xys Xq, and Xa) are all equal to m, and that the uncertainties
in the estimates of the costs are comparable and measurable by o or

V= o/m. The variance of the total cost Y = IX; is (for equal pij)
4 4
03 = 402 + 2z T pi.oz = 02(4+12p)
i=1 j=i+] J
Oy = g2v/T1+3p

Owing to their dependence on similar but unknown soil conditions, the
costs will be positively correlated. Therefore Ty is greater than o.
In this sense there is greater uncertainty in the total cost than in
the cost of any bridge, i.e., the Tikelihood that the true total cost
is within n dollars of the estimate is Tess than the 1ikelihood that
the cost of any one bridge is within n dollars of its estimate.

On the other hand

VY = UY/mY = gv/1+3p/4m = V/T+3p/4

Unless p = 1, VY is less than V. In words, the likelihood that true
total cost is within p percent of the estimate is greater than the
T1ikelihood that the true cost of any one bridge is within p percent of
its estimate. The implication of proximity is high correlation. The
greater this correlation the higher Oy and Vy, i.e., the Tess Tikely
it is that, as the engineer predicted, one high cost will be balanced
by one low cost, since the correlation implies all will tend to be
high or all will tend to be Tow.
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2.65 C=YP
E[yr] = E[YIE[P] = 600,000 = E[C]

2 2 2 2 22
Pl = + +
Var{YP] myap mpcy Upay

28.625 x 108 = Var[C] exact

Approximate variance (mean is exact):

~ 22 22
Var[YP] m oy + Moy
- (10'9)(.24) + (36)(10)
- 28.60 x 10° = Var[C] approximate

Approximate answer is close because product of variances is small
compared to other terms. This will happen if either (or both)
coefficients of variation is small.

2.66 a) System reliability, 1 - P = P[all o.k.1 = P[C]ﬂ ¢, ..r\cn]

n n n n
= 1 PlCJ= T 1-P[c§] = 1 (1-py) =1~ Jop; ¥ zzpipj S
i=1 i=] i=1 i=1
I
=1 - P
i=1 !

c) 1—ps = P[C1ﬂ (CZUCB)] = P[C1]P[C2UC3]

PIC,1(1-PLCSNCST) = (1-py}(1-ppp3)
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2.66 {continued)

d)
CONT. 4
oLl :
a CONT. T A—B o
- UcoolL LL
CONT. 3
T-pg = P[controlled shutdown]

= (EMPCDNTTPCONTZPCONT3)(]-pCOOL}pCOOLZ)(]-DA)(}'pB)

~Major-acetdent: / SEE ABeVE

a o
SHUT DpwWN SYSTEH
E SECONDARY CONTANHENT |~

Reliability = P[no major accident] = 1-p

csPSEC. CONT.

e} See part c: 1-p, P[CI](1—P[CEI7C§])

1]

PLC, 1(1-PLCTPLCS | C51)

(1'p])(1'92p§)

2.67 a) T =1_

H~13
—

Ly = Za(B+Si) = anB + ajs;

E[T 1= E0)L]= LECL.] = Ja(e[B] + E[S]) = anm,

Var[Tn] = Var[{Li} = Var[anB + aZSi]

Li's are correlated, but B and Si‘s are not. Therefore
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2.67 {continued)

b)

c}

n NULUHMBER oF FlooES

In many modern building codes the "live-load reduction factor" is
related to the coefficient of variation of the total live load.
the relative degree of building-to-building versus within building
floor-to-floor uncertainty must influence the rate by which this fac-

tor changes with number of floors.

pL.I ,I_J. = COV[L.E ,Lj]/o'_io’j

COV[Li,Lj] = E[LiLj] - E[Li]E[Lj]

ELa(B+5;)a(B+5,)] - azmg

2 2 22
a F[B +351+st+515j] - a'mg

61

222 2.2 _ 222, 12
Var[Tn] = a'n“op + aTnog = an (UB + as)
Vo =0p /mp = an%?z ¥ 0275 /anm
T T T B S : B
n n 'n
_ 2 P—
= VY _/T + oa/no
B S B
Lo *
/\%. 9 ¢ 32 — 30
gt
Tt .63
6 55
5 b
4 b
2 3 % 5 ¢ 7 8

.83

V85
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2.67 {continued)

d)

a2(E[82]+0+0+0) - azmg = az(c§+m§) - azm2

22

PL.L. =@ oB/aZ(c ) = — s
i? j 1+US/0

The larger the building-to-building uncertainty relative to the within
building floor-to-floor uncertainty the larger correlation between floor
Toads.

Cov[Li,LjIB=bD]

PL.,L.]8 7
LI 9 Jpzp © =
L,I8 by Lj1B b,

Var[L,|B=b ] = E[L |B=b_1 - E2 [L.|8=b ]

E[az(b0+51)2] - Ez[a(bo+5i)]

a’(b2+2b_ELS. J+E[S51)-a% (b +£[5; 1) = a’E[s%]

i7o?

COV[Li,Lj|B=b0] = E[LiLj[B=b0] - E[L1[B=b0]E[leB=b0]

]

aZEll#5;) (b, #5,)] - a”(by+ELS; 1) (b ELS])

]

2 ) .
a E[SiSj] =0 i# 3

L, =0 TF
R

If the model holds, the implication is that within a given building
the floor loads are uncorrelated. Whereas, if one considers all
buildings, the floor loads within a building are correlated (part ¢).
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2.67 (continued)

2.68

In other words, buildings are typically heavily loaded or lightly
Toaded (reflecting common usage or age, perhaps), but within a par-
ticular building heavily loaded floors do not tend to "stick to-
gether.” (Any systematic trend in all buildings, e.g., Tower floors
heavier than upper floors, could be accounted for by making the mean
of the Si's a function of i, without altering the conclusions about
correlation, which is associated with deviations from the mean.)

Z=Y - X

Q@)=Lfﬂ”ﬂfﬂﬂw

fx(x) is zero for X < 0; therefore

[+

fo(z) = [ f,(z+x) re M x
Z ) Y

fy(y) is zero for y < 0; therefore fY(z+x) is zero for z+x < 0:

f,(z) = fmue-v(2+x)kemxxdx for z <0
-z
é ve vzt -Axg for z > 0
[ A
fz(z) = %;X—evz z <(
A A
wr e 2> 0
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2.68 (continued)
W= kZ

1 _ [ v ww/k
x f2 07K = ey @

fw(w)

VA e—lw/k
k{v+Ar)
\

2.69 a) h(t)dt

[}

Plt < T < t+dtT > t]

fT(t)dt
1-F(t)

b £(4)

T - h(t): et G{t) = 1-F(t)

_ da(t)
dt

then f(t) = dgét) =

Substituting d6(t)

G%E) = - h(t)

Solving for G{t) by integrating both sides

en G(t) = -f h(t)dt

Our interest is only int >0

2n G(t) - an G(0) = -H(t)

an G(t) = -H(t)
G(t) = e'H(t) or F(t) =1

6L

- e

P[failure in t to t+dt|no failure prior to t]

-H(t)




2.69 (continued)

c)
. h(t) = f(t) ve _ ve Vb
| -F(t 1_(1_8-\)1;) e—vt

d) Let 'E'.i = time to first event of first kind which would cause
failure, with PDF f1(t) and CDF Fz(t).

Let T2 = time to first event of second kind which would cause
failure, with PDF f1(t) and CDF Fz(t).

Then T = min[T], Tz] and therefore
1 - FT(t) =P[T>1t] = P[(T1 > t) and (T2 > t)]

= [1-Fy (£)101-F,(+)]

dF

(t)
Frlt) = —— = £,(8) + £,(t) -Fy(£)F,(t) = Fp(£)Fy ()

Therefore

n(t) - f(t) i} f, (£)+F,(1)-Fy (£)F,(1)-F,(£)F, (£)
T-F; (%) [1-F1 (£)1[1-F, ()]

f(t) f,(t)
+ )

T-FRET T TR

il

h, (£) + hy(t)

Alternatively one can argue directly in terms of h{t)dt and proper
conditional probability (i.e., the conditional probability that
T, orT, lies in the interval given that T and T, are greater than

t.)..

Here h1(t) = v and hy(t) = %ﬁ't’ therefore

v(1+t/10)
v(t+t2/20)

h(t)
H{t)
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2.69 (continued)

FT(t) = T-exp[-vt(1+t/20)]
R(20) = 1—FT(20) = exp[-40v]
_ . 2 _ 2 2
2.70 a) my =M + My Oy =0y + 0,

bIELYX,] = EL(X #X,)%,] = EDXX,] + E[Xg] = mymy + (mg )

pYX2 Covl[Y, X2]/oY02 = (E[YX2] - msz)/cchr2

2 _
= (m1m2 +omy + og - mm, - m%)/c§/|+161702§2

/41 + 0,/0,

The correlation coefficient between the total deformation Y and the
deformation of the second floor X2 is independent of the means, is close
to 1 if 9y dominates Ty and is close to zero if 95 is negligible

compared to oy

¢) With X] and X2 correlated, Cov[X], X2] = 00,0,

E{X]XZJ = Cov[X], X2] + mam, = poy0, + mim,

E[YX2] = p040, + m,m, + (mg + Ug)

_ 2—
oyy = (1 + p01/02)//l+lo1702i

2
The correlation between Y and X2 is higher than in b, for any

01/62 ratio.
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il
ra— |
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W

fyly) =/ fx1(><) Ty, (y-x)dx

it

xe % %Tn(y-x)z e'(y'x)dx

/

o =w ©

-y oy
S fo x(y-x)2dx

n

N

which is of the same form but with X = 1 and k = 5, See section 3.2.3.

2.72 Let R = the resistance
0.25 for r=100
pR(r) = {0.50 for r=120
0.25 for r=140"

ReTiability = P[R > X]

P[R=100]P[%<100] + P[R=120]P[X<120] + P[R=1407P[X<140]

1 1 1

6.25(8:86)+ 0.50{0:91)-+ 0.25(0:94} -

0.22 + 0.45 + 0.23 = 0.90
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2.73

2.74

E[R] = KELX;]
E[Xi] = OP[X1=0} + ]P[Xi=]] = P[Xi=1]
P[Xi=1]

P[elevator stops at ith floor]

.th

= 1 - P[elevator does not stop at 1~ floor]

= 1 - P[all n people choose a floor other than the ith]

=1- (="

Thus E[R] = k[1 -~ (1 - %Jn]
For moderate n/k, E[R] 2 k(1 - e'n/k). For small n/k, E{R] = n.

Either find distribution of maximum velocity and then the distri-
bution of the correspondina force, or find the distribution of
peak annual force and then the distribution of the maximum force.
The former approach is, letting 7 equal max[Xi],

-k -k
F,(z) = FQ. (z) = gnlz/u) ™ e~ (2/ug) z>0
-1

in which u_ = w/n V7%, Then

Y = o2
F (y) = PIY < y] = PlcZ® < y] = PIZ < 7€ ]
= F,(F7E) = expl-(4/u, /)™

exp[my/cug]'ko y>0

in which k0 = k/2. In short Y has a distribution of the same form
as X but with cu% = c:uznz/k in place of u and k0 = k/2 in place of k.
This form is discussed in Section 3.3.3.
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2.75 a)} Normalize PDF to find k:

c)

1

.
3

Rate

il

1.

L
W=

PLY/X 3_%J = Py 3_%%] = volume over area shown
(

- 3250
T
éi/i\\‘z —X

3 2 1 ]
§gﬁ-(x-2) 2 <x<7; -1 2y < 5xt2
ggﬁ'(]Z-X)z 7 <X <12; 5%x-1 <y 5_1«+2

0 elsewhere
h‘fX_Y(xfy)

= Y/X

7 X/2+2 2 12 x/2+2 2
J dx [ dy x-2)" f dx [ dy (12-x)
2 2 250 v 2 250
3% 3

o 7 9 12 5
f fx(x)dx = kf (x-2)%dx + kf  (12-x)dx = k 250/3
-t P 7



3.1

3.2

3.3

CHAPTER 3
Let Y = no. of succe%ses:
all successes

]
e

py(m) = (1) p" (1-p)° -

all failures

(1-p)"

1]
8]

py(0) = () o (1-p)"

Plat Teast two] = P[Y 2_2] =71 - FY(]) =1 - 0.924 = 0.076;
P[two or more] = P[Y > 2] = 0.076; P[two or fewer] = P[Y < 2]
= FY(Z) = (.997

Independent Bernoulli trials with p = P[success] = 3/3+1 = 0.75
a) SSSS, SSSF, SSFS, SSFF, SFSS, SFSF, SFFS, SFFF
FSSS, FSSF, FSFS, FSFF, FFSS, FFSF, FFFS, FFFF

b) 6 contain two successes

20 0er2 _ 0 9y, 1y _ 9
c) (0.75)7(0:25)" = (35) (5%) = 525

9 27
d) 6(pa) = 7ok
py(2) = (g) (0.75)2(0.25)2 = T%

a) Bernoulli trials with probability of success p = 0.2.

il

Let N = trial number of first passenger going to 6. pN(n) = p(1_p)n-1

n=1,2,...

number of arrivals before first passenger going to 6.

let T
pr(t) = (-p%p t=0,1.2,...
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3.3 (continued)

i b) The car will be full if at least five of the next seven arrivals
will have destination 4. Bernoulli trials with p = 0.2, Let Y =
no. of successes.

7 7 7 y 7-y

Iopyly) = T (5)(0.2)°(0.8)
y=5 y=5

0.00444 + 0.00036 + 0.00001

PEY > 5]

0.00481

H

= 0.6 = P[arrival has destination 4, 5, or 6]. Let X = no. of successes
The car will be full if X > 5.

‘t) Bernoulli trials with probability of success
p

7
T (7)0.6)Y(0.4)7Y
y=5 7

0.2615 + 0.1305 + 0.028

PEX > 5]

I

fl

0.42

3.4 Bernoulli trials with probability of success

p = Plmaking left turn] = 0.3
X = number of left turns out of six successive vehicles

py(x) = (ﬁ)(o.a)x(o.7)6"x (binomial)
" The probability that four of six cars will turn left = P[X=4] =
py(8) = ($)(0:3)4(0:7)% = (15)(:0081)(:49)+ 0.0595 -
The probability that four or more will turn left = P[X > 4] =

6
1 (0)0.3)%(0.7)°7%
x=4
= 0.0595 + (6)(.0081)(0.3)(0.7) + (.0081)(.09)

= 0.0705
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3.5 Bernoulli trials with p = 1/N. Let Y = no. of floods equal to or
exceeding N-year flood.

2) py(1) = (°))(0.02)'(0.98)*
.372

It

it

(*)(0.02)3(0.98)*"
0.0605

b) py(3)

¢) PLY > 11 = 1-p,(0) = 1 - (0.98)°" = 1 - 0.364 = 0.636

..d)--For-each- system, each. of.50.years. is a.Bernoulli trial:
N a o)
P[at least one failure] = 1 - P[no failures] =1 - (.998)5257*“35p%’d
=1 - (1-0.002)% 21 -1 +50(0.002) = 0.1

Fach system represents one of 20 Bernoulli trials with probability
of failure 0.1. Let N = no. of failing systems.

py(n) = (?)(0.1)"0.9)%0"

e) Let Y equal no. of floods > 50 year flood in 10 years.

py(2) = (19)(.02)2(.98)8 = 45(.0004)(.85)

[}

0.0153

This is either an observation of a very unlikely event or the
original estimate (0.02) of the annual probability of exceeding
this flood magnitude was too small.

3.6 fM(m) = e (exponential)
with x = 2.35
fy(m) = 2.35 g"2-3om m>0
FM(m) =1 .- g 2-35m m> 0
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. 3.6 (continued)

P[M>6.3] = 1 - F\,(6.3) = o-(2.35)(6.3) _ -14.8

7

3.72 x 107

This is the fraction of all eakthquakes greater than magnitude 0
which exceed 6.3. -

The conditional probability of an earthquake greater than 7.7 given
an event greater than 6.1 is

PIM > 7.7|M > 6.1] = P[(M> 7.7)A(M > 6.1)1/P[M > 6.1]

PIM > 7.71/P[M > 6.11 = [1-K(7.7))/[1-F,(6.1)]
_ "2.365(7.7) ,-2.35(6.1)
_ o-2-35(1.6) = 0.0235

Therefore the average fraction of all events > 6.1 which are > 7.7 is
0.0235, and the average number of events per year > 7.7 is (1)(0.0235)
or 0.0235. Since this number is much less than one, the probability
of two or more such events is negligible, and the average number equals
the probability of:1, i.e., the annual probability of an occurrence is
0.0235. If this number were not small, additional assumptions (e.gq.,
Poisson arrivals of events > 6.7 and random selection of events > 7.7;
see pg. 240) would be necessary to pass from average number to the
probability of 1 {or 1 or more) events per year.

=]

/ 176500 e~ (x-5500)/6500,,
20 ;000—-

I

3.7 P[X > 20,000]
_ £5500/6500 _-20,000/6500

0.107



3.8 ‘Individual passengers represent Bernoulli trials.

3.9

a) Let X = no. transferring at B to subway .
p(x) = () p* (1-p"* x=0,1, .o
b) Let Y = no. leaving at C for Q.

Given x passengers get on subway, each is a Bernoulli trial with
probability of success q. Therefore:

= (% ¢ (-p)*Y =0, 1, ...x
Py x(y-x) = () @@ (1-p) y=0,1,

The joint distribution is the product of pY]X and Py It is as
given for x=0, 1,...n and u=0, 1, ...x; and it is zero elsewhere.
Y cannot exceed X.

c) (i) This is probability Py Y(x,x) =

o )
1};£%Trgr (pg)* (7'P)n X x=0,1, ...n

(i1) This is the probability that none of n want to go beyond B
(i.e., that X = 0) plus the probability (from i) that all x get
off at Q, for all x.

n
p{x =0} + § p(x# 0Ny = x}
x=1
n=-x

0 T n
@) 7 (-0)"+ ) ey () (1-p)

n
I () pa)*(1-p)" 7
x=0

G{t+At)

1}

P[T > t+At] = P[the moTecule is still in the tank at time t+at]

P[still in tank at t]P[it does not leave in t to t+At]
G(t)(1-kat)

i

Th




3.9 (continued)

G(t+at) - G(t
(1428) - G(E) . ()

Letting At go to zero:

dst) - gy

dt

Solution of the differential equation with boundary condition
G(0) = 1 is

6(t) = e Kt t >0

fr(e) = BB - 4 gh)) = ke™*E £ 50

‘s . . . _ no. leaving in At
The probability of leaving in At is kAt = - woin Tank

mit
n

Therefore k = m/n.

For "complete turbulence", E[T] = 1/k = n/m, or = 1/k = n/m,

and VT = UT/mT = 1. For both uniform flow and complete mixina

the mean time is n/m. In one case, however, V = 0, since in

the uniform flow o = 0. Therefore the coefficient of variation

of residence time V would be a good measure, with V = 0 for

uniform flow, and V = 1 for complete turbulence.
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3.10 Let X = no. of accidents in 10,000 trials. X is approximately
Poisson with v = 5,

P[2 < x < 8]

1]
1
L=

>
Lo
=
S
it
PIC~-100
(82 ]
X o>
[ (D

il
]
o]
O
™

For v =25
PLX 3_9] =] - FX(B) =7 -0.932 = 0,068

This seems to be a "not unlikely" event with v = 5; therefore one
cannot "conclude" that v has increased.

3.11 a) Let X = largest loss of strength in any member; it is the largest
of the (random number of) random crack strength losses. Assuming
independence of loss and number:

Y P[all n cracks have loss < x]P[there are n cracks]
n=0

T IR (x) By ()
R

It

P[X < x]

i}

in which FY(x) is the CDF of the Toss in any crack. Substitution
and summing will yield the answer. Alternatively we can consider
this a problem of random selection {page 240) in which the prob-
ability is Py that any crack has loss greater than x, or

p, =1~ FY(x) = e ™ Then

Fx(x) = P[X < x] = P[there are no occurrences of cracks with
Toss > x]

Cracks with loss greater than x are Poisson distributed with mean
VP, - Therefore

Fy(x) = e VPx = e"v(1'FY(x)) = exp[~ve'lx] x >0

76




3.11 (continued)
with v = 2x20 = 40 and X = 1(kiD)'1. The remaining strength is
Z =100 - X.
Fz(z) = P[100 -~ X < z] = P[X > 100-z]

-2(100-2)7 _ -(100-2)3 2 < 100

=1 - exp[-ve - expf-40e

Note this is a mixed distribution; there is a small but finite prob-
ability that Z still equals exactly 100 kips (this occurs if there
are no cracks at all). Note too that the distribution suggests a
small but finite probability that the strength is negative. Both
these probabilities are negligible.

b) P[failure] = P[Z < 50] =1 - exp[~409“(100'50)]
= 2000  (negligible)
P[Z < 90] & a0e 10 = 0.002

c) Resistance, R, of the structure is the resistance of the weakest of 10
members, each with the distribution of Z above, assuming each has a

unit force under a unit load:

-A(loo—r)]
r < 100

Note the additional members play the same role as additional length.

1~ Fo(r) = Plal1 10> 7] = (1 - F,(r)'0 = expl-1ove

P[1ane is inadequate] = P[waiting time to arrival of 4th left-
turning car is less than t]

P[X < t] in which t is the number of seconds required for

il

3.12 P[A]

one cycle.
The average rate of arrival of Teft turning vehicles is (0.3)(6)
= 1.8/cycle or A = 1.8/t per sec. Since the arrivals are Poisson

X is gamma with parameters k = 4 and A = 1.8/t.
Use Table A.2 where 1~Fx(t) = 1-F(y); enter table with v = 2k = 8 and

w2 = 22y = 2(1.8/t)t = 3.6.
Find 1-F,(t) = 0.89. Therefore P[A] = Fy(t) = 1-0.89 = 0.11.
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Assuming no failure at previous cycle:

P[failure] = P[X > 7] or PI:T7 < 40] 5
in which X is the number of arriving vehicles in 40 seconds, and
T7 is the time of arrival of the seventh car. X is Poisson with
(400} (40)460)(60) = 4.4, or T7 is gamma distributed

with A = 400/3600 per second, and k = 7. From tables
P[X > 71 = 0.156.

let X] and X2 equal the number of arrivals in the first and
second cycles. Assuming no failure at preceding cycle, the
probability that the next two cycles fail is the probability
that X] >7 and X1 +7X2 > 13. There are several ways to calculate
this, e.qg.,

mean v =

Pltwo cycles fail] = ] P[X2 3_13-x]P[X}=x]
x=7 ’

(0.28)(0.078) + (0.45)(0.043) + (0.64)(0.021)
(0.82)(0.009) + (0.93)(0.004) + (0.99)(107°) + (1)(107%)
0.067

+

Plsecond fails|first fails] = P[two cycles faill/P[first fails]
= {0.067)/(0.156) = 0.43

This suggests that "failures® are quite likely to be self-per-
petuating. The model could be improved in many ways; it does not
accurately reflect acceleration times, etc.

m, = Ay g = Ay

5
< =<
—
-

o

X _

v =H-_.
X

Note that this coefficient reduces with volume. For the normal
distribution, 0.683 represents an interval of ilox about the
mean, equating kmX and 1ox:

= Vx = 1/Vlv
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et

3.14 (continued)
or for given k and A choose v = 1/xk®.

X is the average number of spheres per unit volume.

3.15 The probability that any earthquake causes site intensity > y
is p = 1-Fx(y). Therefore, by the random selection model (p. 240)
earthquakes causing site intensity larger than y are Poisson
arrivals with average rate pv (assuming independence of earth-
quake sizes and occurrences). The probability that Y, the
maximum site intensity in t years, is less than y is the prob-
ability that number of occurrences exceeding y is zero.

Let Ny = number of occurrences greater than y in time t. Ny is
Poisson with mean pvt

Fyly) = PLY < y] = PIN,

01 = py (0) = &™PVF
h 4

1]

exp(-vt[1 - F,(y)])
It is assumed earthquakes with magnitude < m, camnot cause a

site, intensity > y.

- = pa Y = -
3.6 a) 1 - Fyly) = ce X > X ¢y + com = catnd

From problem 3.15
Fy(y) = exp[-vtce™] Y Z %

Notice that this distribution has the same form as the Type I
extreme value distribution, at Teast for y > Xy- Below Xo the

form of Fy and F, is more complicated (Problem 2.54).

b) Expanding the exponential term and ignoring terms of order p?,

W2

) = 1-exp[-vt0ce'lyP] ]-(1-vt0ce

p= .!-FY(‘YP

= "}\y
e vtoce D

Solving for yp

%



3,16 (continued)

=1 o
Yp * N an(p/vt c)

¢) The "n-year intensity", ¥+ is exceeded with probability

p=1/nin time t =1 year. Substituting into (b):
v =L gn(ven) o
n A : ‘:‘k

3.177 a) Let p = l—px(o) = probability of 1 or more hurricanes in any year.

Then Y is the number of successes in n trials

py(y) = (§) p7(1 - p)™

b) p=1-p 0)=1-e%%=0.18

E[Y] = np = 30(0.182) = 5.46
Var{Y] = np(1-p) = 30(0.182)(0.818) = 4.46

3.18  a) FX(S) (0.5)° + 10(0.5)'° + 45(0.5)° + 120(0.5)1° + 210(0.5)'°

+ 252(0.5)1°

= 0.622
= = = K. 2 - L2 _ - =
m, = m, np = 5; oy = 9y np(1-p) = 2.5
= F (22m 5-5 y _ -
Fy(8) = Fy(557) = Fyly=g) = Fy0) = 0.5
b) Fy(5.5) = Fy(3-252) = F,(0.317) = 0.624
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3.19

Normal

PIX » 400 = 1-F,(400)=1-F (207 = 1-Fylat>
= 1-0.774 = 0.226
Lognormal
o[t 5 4007 = 1_FU(£n(420)—2jT!)
iny
- 1~FU(§6?§%§§) = 1-F,(.92)

1]

1-0.821 = 0.179

Gamma

Crloa) g [(1.727, 2.704)
r(k) r(1.727)

PEX > 4087.= 1

_ 0.71 _ 4 _ }
=1 - g5t = 10785022

or from Table A.2, enter with

v =2 (1.727) = 3.45 and ¥X* = 2(0.00676)(400) = 5.33

1 - F(400) = 0.21
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3.20
a) Bk 7= L el 1= L - o vu - TP yaey g
X My (3+VXU) My ’ ‘

Substitute E[U"] = 0 for n odd

u(;)/o; for n even (Eq. 3.3.11)

b) Substituting m, = 1 and Vx 0.2 and following the criterion yields

[

E[1/X1=1+0.04+ ... 1.0

var[1/X] = E[1/X*] - E[1/X]* £ 1.12 - 1 = 0,12
Substituting m, = 1 and Vx = 0.5 yields

EE%] =7 +0.25+0.1875 + 0.234 + 0.470 + ...

i.e., the series does not converge.
In fact the series is divergent for all Vx > 0 as can be verified
by the ratio test. For the normal distribution E[1/X'] = .
The "convergence in the first example is false, higher order
terms will begin to grow.

3.21 a) (i)E[X(m)] = E[Y]

|-

m
¥ sin(m-n)
n=o

(ii) E[Y] = 0; E[X(m)}] = 0 (Roughly, the pulses are as 1ikely
to be positive as negative, therefore the response is as
Tikely to be positive as negative.)

b) (i) Var[X(m)] = Var[Y] “} Fsin®(m-n)
p

(i1) Var[¥] = 15 Var[X(m)] = —Jsin?(m-n)
pZ

c) (i) Normal, by the central limit theorem.
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3.21 {continued)
c)(ii) limits are 2.0 o, =

d) In general if X has distr

Fz(z) P[Z < z] = P[-

; Fx(z)" Fx("z)

fy(z) = & F(2) = £,

¢2.0¢l;l{sin2(m-n)
p?.

ibution fy(x) and Z = |X]

z < X <z]

2) - fyl-m)df2)

= fy(z) + fy(-2)

In part ¢ X is N(O, ci) whi
1

fz(z)-= 2fx(z) = 2 -

ch is an even function:

expl- %—(z/ax)?] z>0

#?be

in which o} = < Jsin?(m-n).

p

3.22 a)'fT(Z.S) = fU(—Z.ﬁ)/O.Z = 0.087

b) P[T < 2.5] = FU(-Z.S) =

0.00621

c) P[IT-mTI < 0.2] = P[-0.2 < T-mg < 0.2]

= Fy(1) - Fy(-1)

d) PLIT-m;] < 0.2|T > 2] =

= 0.8413 - (1-0.8413) = 0.6826

P[{2.8 < T <3.2)n(T >2)1 -
PIT > 2]

= P[2.8 < T < 3.2]/P[T > 2] = 0.6826/0.9999 = 0.6826
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3.23 a) E[A] = QE[flj - QE[f2] =Q0m-Qm=20

b) O.E - QZO_Z i QZO.Z » 2Q2002

0% = 2%*(1 - )

c) If f and f, are jointly normal, & is normally distributed.

Oy = (1000)(0.002)v2 ¥0.T = 0.895 in.

. 2 -2
(i) PLial > 21 =1 - [FU(5T§§§J - Fu(ﬁjggg)J
=1 - 0.986 + 0.074
= 0.028
(i1) E[]a]] = o] f(a)da = 2f ade g e7H0/0,)% 4,
) ECalT = J_J] fye)is = 2f aloo e

It
H

26,/Y27 = 0.80, = 0.72 1n.

d) (i) 0, = (1000)(0.002)/2 /.9 = 2.69 in.

PLIa] > 2] = 0.458

(ii) E[Jal] = 2.15 in.

Note that owing to symmetry the expected value of the differ-
ential settlement is zero (part (a)), but that the more mean-
ingful number, the expected value of the absolute value of
the differential settlement, is simply proportional to O)-

The Tess homogeneous the soil the greater the expected abso-
Tute value of this settlement.
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_ 3000-y
3.24 fy(y) = 57 fx (Fgp™)

- 100 1 1 3000-y++42
= = exp {-% [—— fn { 3] y < 3000
yWemia, .y { 2 "Opnx 100

frbd

/

Iooe y

Note that Y can be negative (i.e., uplift).

e

3.25 o vV, = 0.05

nA A

. . 1 .
fig = ma(1 - 50%, 1) = 1(1-0.00125) = 0.999 in.

F is the product of lognormally distributed variables and is
therefore also lognormally distributed with

M = iy M = 39.95 kips = 40 kips
2 = 2 2 = =
TenF = %enA + OenF - 0.07125 or SonE 0.112
) ]
PLF < 351 = Fylgyz #n(35/40))

= Fy(-1.16) = 0.122
0.01 = P[F < f] = F(-2.33) or

21
-2.33 = GTTTEARn(f/4O) f

31 ksi
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3.26

3.27

1

% b
an

W

Enmy-?

2
U!LnY

&n r‘r?Y 5.031 - 0,435 = 4.596

PLX > 400]

PLY

= ]

1]
-
+

= 0.07

The two parameter distributions in 3.19 led to probability

estimates of abou

Plannual max > 15

_ 0.577
mY =y + o

1.282
a

Oy

a =0.000428

10,000 = u + )

u = 8655
1 - Fx(15,000)

- F

> 400 - 12.81 = 1 - FY(387.2)
(Rn(387.2)—4.596)
U 0.933
FU(1.46)
0.928
2

t 0.2,

,000] = 1 - FX(15,000)

= 3000

0.577

0.000478 - U+ 1345

-0.000428(15,000-8655)]

1 - exp[-e
'2-72]

]

1 - exp[-e
0.064

1}
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3.27 {continued)

CDF max over 20 years Y

FY(.Y) = P[Y iy] = -[Fx(y)]zo = p[all 20 annual max iy]
= {exp[_e-ﬂ.000428(y-8655)]}2o
Fy(y) = exp[-ZOe'O'000428(5/'8555)] '

Note {replace 20 by e£n20) the Tifetihe maximum also has a Type I
distribution with the same o and with u increased by (2n20)/a.
~0.000428(15,000-8655)]

1 - FY(IS,OOO) 1 - exp[-20e

1 - exp[-20(0.0663)]

0.734

1l

= exp[—e_u(xm'u)]

Co -1
3.28 Type It 1 -

For large m

-u(xm-u)

1-=21-¢

= e

-gnm = -a(xm-u)

Type II: u )k
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3.29

In contrast to continuous random variables, when the variables
are discrete there is a finite probability-that two or more of n
variables will take on identical values. Thus

Pyn(Y) = P[maximum of XT’ X2, e Xn = y]

n
= } Plexactly k of variables=y]P[the remaining n-k
k=1 variables < y]

There are (Q) equally probably ways, different sets of k variables
in the n.

n
Py ) = L (Mg ()IF3(y)I"™

This is the binomial expansion of [px(y) + F;(y)jn except it is
lacking one term (k = 0); therefore

* *
py (v) = [py(y) + R - [Fy ()"
n
*
But pyly) + Fyly) = Fy(y). Thus
*
py (v) = [F(n)]" - [Fy (7"
n ) %
This Tast result could also be cobtained directly by arguing that
P¥.(Y) = P{all n of the X; < y] - P[all n of the X < ¥]
n

Py (y) does not egual npx(y)[Fx(y)]n'] because the events such
n

as [(X1=y){}(a11 others < y)] and [(Xj=y)r](a11 others < y)]
are not mutually exclusive and the probability of their inter-

section, i.e., [(Xi=y)r}(xj=y)r1(al1 others < y)] is not zero,

as it is in the continuous case.
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3.29 (continued)

3.30

Special case:

*

Fy(10) = 0

*

Fy(15) = F,(10) =0.8
*

Fy(20) = F,(15) #0.95

Fy(20) = G2F 10O

py. (10) = 0.8'% = 0.708
10

]

Pv10(*5) 0.95'° - 0.8 = 0.492

py (20) =1 - 0.95'% = 0.400
10

Gyﬁ 5 :6_2
o = 0,207
.- 0.577 _
my—u+ o = 2

u=12.81

Plextreme gust > 60] = 1 =~ FY(GO) =1 - exp[_e-a(GO-u)]

m0.207(60—12.81)]

1 - exp[-e

1

0.00006

500 observations are insufficient to verify the model so far into

the tail (Sect. 4.5), but lacking evidence to the contrary, it may
very well be appropriate to adopt this "extrapolation" since there

is at least some phenomenological and asymptotic theory (Sect. 3.3.3)
to support the model. 1In practical engineering situations there may
be no recourse to such extrapolations.
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3.31

a) The exact (non-asymptotic) distribution of Y is (n = 20,000)

k
F(y) = [y 1" = 11 - ety "

Owing to the exponential form of FD’ the asymptotic distribution

must be of Type I i.e., of the form

Fo(y) = e*e“a(y_U)

A direct application of the method outlined in Appendix B
will yield

ck(gn n)]_”k = 10.6
%{Qn n)T/k

H

o

u

Alternatively, observe that for large n, fy(y) will be distrib-

uted along the y axis primarily in a region in the upper tail

of fD(y), j.e., where FD(y) is close to 1 or where exp(-(cy)k)
is small. This implies

K k
1 - e-(cy) = exp(-e (cy) )
or
k k
Fyly) & exp(-ne” (VD7) = exp(-e® * inny :

To get the Type I form yk must be replaced by a Tinear function.

As in Appendix B, yk can be expanded about the mode of y or
u, {that is, the value of y such that 1 - FD(y) = 1/n),
i.e., about %{En n)1/k.

Expansion and collection of terms will yield the same results
as above.
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3.31 (continued)
b} The 50-year displacement is that annual maximum exceeded with
probability 1/50.

so =1 Fylygg) = 1+ exp(-¢"x(507))

e'a(¥5D"”)

12

1
50

_ 1
Yso = Uy + a-zn 50

0.63 + 1?%?? gn 50 = 1.00

n

Using the exact distribution yg, = 1.03, implying the Type I
asymptotic distribution is a good approximation even as far out
into the tail as the yg, value.

3.32
X1, Xzi and X3 have a multinomial distribution:
_ gt X] X2 X3
p (Xy %o sXs) = oo (0.4)71(0.7) (0.5)
X],Xz,x3 1°72°73 X]!X2!X3!

for x1+x2+x3 =8
The probability half go west and half north is

8l 8,0 \On £yd _
PX, X, Xy H2024) = aTOTAT (0.4)%(0.1)7(0.5)" = 0.112

by v (XysXe) = 1 Pyooy oy (XsXpsX )
X],X3 1°73 a1l Xz ,X1’X2,X3 1272773

8
= I e (0.4)%1(0.1)%2(0.5)*3
X2=0 -3. 2. 3.

1.105

8! X X
TR (0.4)71(0.5)"3 for 0 < xytxg £ 8
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3.32 (continued}
The marginal distribution of X] is Binomial: v

g(8, 0.4)8
PLx, > 41 55(3) (0.4)%(0.6)8%
X=

0.173

3.33 Distribution of the size of Targest of many flaws is Type I
(largest values) extreme value:

Fy(x) = exp[-e (1) X<
S = Sg ~ cX |
5,5
Fs(s) = P[S <s]=P[X> c ]
5,75
=1- FX( c
5475
-a(—— -u)
Fs(s) =1 - exp[-e ]
%{s—s+uc)
='|_exp[-e _miSim

S has a Type I (smallest values) extreme value distribution
(Eq. 3.3.58) with parameters o/c and (s-uc).

3.34 Y is lognormal

and en Y = &n F - &n A is normal.

Mon Yy~ ™n F ™ ™on A
= n M - 20 m
\/F A
Me v
= Rn(ﬁ;) = 2N My
2 — 2 2
Yony - %nrt “on A
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3.35 Observe m interarrival times with exponential distribution
-at
F = -
T(t) 1-e

a) Let Ym be smallest interarrival time

~—
1l

1< F (v) = Plall t2y 1= 00 - F(y)T"

mg!ﬁm

<M L lee

e ym = F‘war (%’m) = I-e
which is exponential with parameter mx, i.e., the expected value of
the minimum is 1/m times the mean interarrival time.

b} The sum of n independent variables with common exponential
distribution is gamma. Therefore

It

m-, n/mx = 5/mx

2

97

"

n/m2)2 = 5/m?)?

implying Z is G{5, mx)

3.36 a) ]
0 2/3  1/3 0
2/3 0 0 1/3
te 173 0 0 2/3
0 173 2730

b) The Markov assumption implies passengers' choices of destination
are independent. If there were dependence of choices (e.q., if
passengers came in pairs for the same city), the conditional prob-
ability of the next state would depend on (at least) the previous
as well as the previous state. E.g., for paired passengers

PIX(t+1) = 4| (X(t) = 2)N(X(t) = 1)1 =0
while
PLX(t+1) = 4[(X(t) = 2)N(X(t) = 4)] =1
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3.36 {continued)

¢} Any 3 of

* * *
q'f = 2/3Q2 + 1/3Q3
* * *
Q2 = 2/3q1 + T/3Q4
* * *
Gy = 1/3qy + 2/3q4
* * *
Q4 = 1/3q2 + 2/3q3
and

*

* * *
q.|+q2+q3+q4=1

H

Solution: all q: 1/4.

3.37 Poisson arrivals with rate 2

n ~it
pN(t)(n) = L)ﬁ.‘.t:‘)_.ﬁ.r.e_.._._

a) Let V(t) = number of vehicles in garage at time t ,
If the garage is not full, V{t) = X + N(t). If the garage is

full, V(t) = m. The last event occurs if N(t) > m - X. Therefore
V-x -t q(1-q)%
v-x)! ]_(1_q)m+1

' \'i
- - {(xt)
XZOPN(t)(v x)py(x) xgo 0

Pyg) (V)=
v(t) for 0 < v < m-1

m m X oa n _-it
XEOP[N(t)zm_x]px(x) = Z (-E(1')%+ Z ,(_7_\_{3,)_._7.1._?__
= - _q *

x=0] n=m-x

for v =m

Sk




3.37 {continued)

b) Using last equation:

v(t) 1-(0.25)% = X 1-(0.25)°
For A = O.ZO/hf; Pyce)(8) = 7 x 1074
For & = 2.0/hr; pycyy(5) = 4 x 1073
For A = 20/hr; pV(t)(5) = 0.60

(T-FX(B)) + .

(0.75)(0.25)°

1-(0.25)8

Inspection of the individual terms reveals that for small A,
virtually the only chance that the garage will be full is if it
starts that way; for intermediate A, all terms, j.e., all combi-
nations of initial state and number of arrivals contribute to the
probability of beina full; for larger A, in most cases the garage
will be full because it started empty and 5 or more cars arrived.

(2) .
3.38 ) py3’ = PygPay * ProPps * PyyPy3

0.36

H

b) Formally

* * *
9 O.Gq] + 0.2q2
* * *
9, = 0.2q] + 0.6q2
*__ * * *
qq = 0.2q} + O.Zq2 + 4
* * *
G * 9 * 931
Solving formally or by inspection:
Y=0, g =0, gq,=1
q]“ L] qZ" E q3-
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3.38 (continued)

c) State 3 is a trapping state because Pyy = 1 Examples of
processes with such trapping states include various kinds of
deteriorating systems with a final failure state.

3.3 M=C-D

My = Me = My
2 - 2 2
9 = 9 * 9
2 2
. vbc + %
m MaA - M
¢~ ™

A linear combination of independent normal variables is normal.

R=P[D<C]=Plc-D>0]=1-PM<0]=1-F,0)
m
=1 - F (- Myl _1
=1 - Fyl UM) T - Ryl Vrn)
M. = M
R=T-Fu(/D2 C2 )
o * 9%
1 —R,
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3.40 F = %-= ch Lognormal
R=P[F>1]=1-F(1)
Mn F~ "™nc™ ™nobp
\/

= &n (ﬁ—) zn #e = £n(200/100) = 0.694

an F Gﬁn C Gin D
2 = 2 2
o n (vc+1) + £n(vD+1)
= gn (1.01) + an (1.0225)
= .01 + .0223 = 0.0323

o = 0.1796

vl
Zn 1-4n Me

= F )

|
—
—
[
|

(
U Gzn F

= £yl ]7694 ) 0.00012

R =1 -‘FF(1) =1 - 0.00012

e R = 0.99988

3.41 a) A=

Since &n A = 2¢n Z, 2n A is normal, or A is lTognormal with

= A2
402

2
Ozn A nz

= ()"

97



3.41 {continued)
b) A= 12, 22

Since &n A = 2n Z} + 2n 22, 2n A is normal and A is legnormal with
v _ R Y

2 - 2
on AT Zogn z

¢) Model (a) has a larger dispersion.

3.42 a)
State 0: - O cars in lane
State 1: 1 car in Tane
State Z2: 2 cars in lane

L 5 0
=% 0 L
3 L 0
* e %* *
b) g, =’q, + 4a; * i,
*“1* ;’*
9 = "
* *
q2=;§q1
* * *“
Gy * Gy + a4y =1

Solving the last equation and any two of the first three equations:

*

_.l, *.u *_
qO“ 29 q'l _]/3, qz_ 1/6

The lane will be full an average of 1/6 of the times it is "observed."
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3.43 l_et'X.i = no. recorded in ith region in t years.

py (x) = (At)%e™t/x
1

Solution A: Y = in, the sum of Poisson variables, is also
Poisson distributed with parameter 4xt. Therefore

py(1) = (art)e™ Mt

Solution B: P[(Xi=]) and the other Xj=0] = px(1)[px(0)]3

—)\t(e'lt)g = “‘4)\1:

= ite Ate

but there are four mutually exclusive ways to pick which
of the Xi's is to equal 1.

Solution C: Let Yo = no. of regions with 0 events, Y1 = no.
of regions with 1 event, and Y2 = no. of regions with 2 or more
events. The Yi's have a multinomial distribution with

P, =7 'At, Py = Ate'kt, and p, = 1 - p, - py. The event of

interest has a probab111ty equal to pY AR (3,1,0). The
']9

result is as above.

3.44 Soil C
P[rf,C c < ew] = P[X rszc]
) P[xcnmC ' ew/rsz =1. 5ew/rs£C

oc -0 20x1. 5ew/rsz

- 1-1.5y _
= FyGog) = Fyl-1.66)

0.04846
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3.44 (continued)
Soil A+B

P[r(XAﬁAs + XBRBS) < ew]

aw
PLO.3X, + 0.7, 5-rszC]

Let 0.3)(A + 0.7XB = 7

my = 0.3n + 0.7m = m
62 = 0.090% + 0.4962 +2(0.5)(0.3}(0.7)0. o
A Xn Xg Xp Xg
= v2m2[0.09 + 0.49 + 0.21] = 0.79v2m?2
- - ew  _ ew
o, = 0.89vm = (0.89)(0.20)1.5 e 0.268 et
Pz < 2] - P[Z_mZ < eglgzgg_;'5EW/rsgc
o, 1-1.5,
= Fulgzgg) = Fy(-1.86)
- 0.03144

Embankment A+B is safer than soil C, but they have equal mean
resistances. The relative safety of A+B vanishes as the correlation
coefficient approaches 1. This coefficient is a measure of spatial
homogeneity of the soil (see Prob. 3.23).
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3.45

-

a) No. P[Z(n+1) = j]{Z(n) = iN(Z(n-1) = k)N ...]

depends on the values of Z{(n-1}, Z(n-2), ... A 1little thought

will justify this. Note that the values of Z(n) do not always

tell one uniquely how much water is left in the dam. A release
of 2 may be associated with a dam left empty or full. Thus

. knowledge of past releases will alter the likelihoods of future

releases. For example,

2)n(Z(n-1) = 3)] #
0}]

P[Z{n+1)

21(Z{n)

it

2)N{Z{n-1)

PLZ(n+1)

2[(Z(n)

In the first case, knowledge that Z(n-1) = 3 implies the dam was
left full, while knowledge that Z(n-1) = 0 implies the dam was

left empty. Knowing in addition that Z(n)} = 2, in the former

case implies a low probability (0.1) that the dam is now (n) empty
(it could happen only if the inflow Y, was exactly 0); in the
Tatter case Z{n-1) = 0 and Z(n) = 2 imply that the dam is now empty
with high probability (P[Yn = 2]/P[Y > 2] = 0.3/0.6 = 0.5; the
conditional probability of an inflow of exactly 2 given the 2 or
more inflow units implied by an empty dam followed by a release

of 2). The probability of future release (Z{n+1))of 2 will, of course,
be Tower if-the probability of an empty dam is high.

b) Taking the long run probabilities of the dam states from page 345:

P2 or more released] = 1 - P[0 released] - P[1 released]

P[0] = P[dam emptyNno inflow]
= (0.25)(0.1) = 0.025
P[1] = P[dam empty)N( unit inflow+P[dam has 1 unitfifo inflow)]

il

(0.25)(0.3) + (0.25)(0.1)
0.1
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3.45 {continued)

1 -0.025 - 0.1

P[2 or more released]

It

0.875

~“Without dam: Pfrelease-would-be insufficient in-any yedr] £ 0.40
With dam: P[release would be insufficient in any year] = 0.125

" ¢) Long-run, expected annual costs:

Without dam: (7,000,000)(0.1) + (100,000)(0.3) = 130,000
With dam: (100,000) + (1,000,000)(0.025) + (100,000)(0.1)
= 135,000

Decision: Dam should not be buflt.
3.46
© a) The result is incorrectly stated in the first printing. It

should read '

F (i)(y) = P[at Teast i of the X's are Tess than or equal to y]
Y

.P[exact1y J of the X's are less than or equal %o y]
i

1l
Il B~135

J

il
il b~

L QROTD - Ry

The verbal interpretation is given by stating the second Tine in
words.

b) Let C = system capacity

, . k -k
Fele) = F () = k{j(ﬂ)[Fx(c)J [1 - )7
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3.46 (continued)

¢) Let T = time between replacements = Y(J)

() = F (5y(8) = kgj(k)(x-e Mykemrtin-k)

Note that owing to the memoryless property of the exponential
distribution (page 244), the conditional distribution of the re-
maining 1ives of the n-j 1ights still burning at the replacement
is again exponential. Thus they could be left in without re-
ducing the effectiveness of the system. In practice, of course,
although often used in such maintenance studies, the exponential
distribution cannot explain time-to-failure when wear-out failures

are involved. See Prob. 2.69,

3.47 a) px(x) leN(X n} fy {n)dn

1e—un
(k-T)1

u(un

dn

s
L

Integrating and re~arranging

P(k+x) ; 1,5 i}
= XIT{K) (u_!_‘!) (U'ﬂ) x=0,1, 2, ...
For integer k this is the form of the negative binomial appearing
in the footnote on page 231. It is more generally defined for
arbitrary (positive) k, just as its analog in Section 3.2, the
gamma. distribution, is defined for- arbitrary k,.gamma functions

replacing factorials.
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3.47 {continued}
b} From Eq. 3.1.13 and 3.1.4 (recalling that these equations are
for a variable equal to X+k) ‘

Eok= k@D - k- ke

H

My

h=)

i
i

0% = k(1-p)/p% = k(=kp) (1) = k(i)

From the data

152

X = 0.483

mX k/u

nt

0% % 52 =1 = K(uH)/u?

Solving for the parameter estimates

u = 0.935

k = 0.452

Note that in this case the estimate of k is in fact non-integer.
We observe that workers (mean) accident rates v or N vary but

an "average worker" has (mean) rate of My = k/u = 0.483 accidents

per 3 months. This happens to also equal My .

Comparison of observed and predicted frequencies of workers
with x accidents in 3 months:

Observed Calculated
X Frequency Probability, px(x)
0 0.715 0.720
1 0.178 0.166
V4 0.063 0.063
3 0.019 0.027
4 0.010 0.012
5 0.010 0.005
> 6 0.005 0.005

The fit is extremely good. Chapter 4 will formalize such
comparisons.

ol
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3.48 a) The load-strain law of the member must be elastic (linear or
non-linear). For an elastic system, the strain is a one-to-one
function of the load; knowing the 1oad one knows the strain,
independently of past Toading history. If the material is non-
elastic, its past load-strain history influences how it will
respond to the next load chdnge? even if the present strain is
known. For example, a permanent set may have been induced by
previous loadings. Such a memory in the material is inconsistent
with the Markov assumption; knowledge of past states will alter
the conditional probabilities of future states.

b} Since there is a one-to-one correspondence between the load
and the strain, the Toad process must be a Markov process if
the deformation process is to be Markov. In particular, the
successive loads need not be independent random variables.

3.49 a

) * 3 4 * * * *

q = 0. 9y + 0.3q2 + O.'Iq3 + 0.1q4

* =0 % + O * 0 * 4 *

q2 b -Bq-' -3q2 + 04’Q3 + 0- q4

% * %* * *

4q = 0.2q.l + 0.2q2 + O.3q3 + 0.4q4

* * * 0 * *

q = f).'iq1 + {).Zq‘2 + .2q3 + 0.1q4

* * * *
q] + 9 + Rk + Qg < 1

Solve. the last plus any three of the first four equations.

*
q4=0J6
*
q5 = 0.262
*
qp = 0.345
*
q'; = 0.234

: I05



3.49 (continued)

L

b) The expected damage in any day is

[(0.16)(5x1077) + (0.262)(5x10"%) + (0.345)(5x1075)

+ (0.238)(5x10°H7 = 1.36 x 1074

In 30 years, there are 10,950 days; the expected total damage
is the sum of the expected damages:

(1.36x10°%)(1.095x10%) = 1.49

In 60 years, there are 21,900 days; the expected total damage
is 2.98.
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CHAPTER 4

4.1 The estimator of the mean is X.
E[X] = my = 50

Forn = 10

Var[X] = 02/10 = (1%g50/1o = 83.3
- o .

4.2 a) The estimator is 5 = total failures/total no. of tests.
Here the observed estimate is ﬁ = 60/1500 = 0.04.

b) Var[s] = Var[No. of failures in 1500]/15002=1500p(]-p)/15002

An estimate of this variance is thus
(0.04)(0.96)/1500 = 2.55 x 107>

Assuming P is approximately normally distributed, the 95%
confidence interval is

5" - 0.04 £0.01

0.04 +1.96+/2.55 x 10
¢) N, is binomial, B(100, p). Therefore P = N./100 has a
"hinomial-Tike" distribution for non-integer values of the

argument.

afu) = BFB = o1 = (100 y 100x 100-100x Tor x=0, 1/100, 2/100,
pp(x) = P[P = xT = (350,) P~ (1-P) ... 100/100.

The variance of E (for n = 100) is p(1-p)/100 (see part b)

-~
A 'ZO':_"
9 Roads - ot -
o l ; LEERL s (x/ reg TBUE p o o.o0y
o - : ! o\usffo
02 ! | 036 —5 &7~
~ = T2 ; Rt T WISTOAEANT o= 7§ YALUES
g?m_l l ! mmlmwxmmm@ﬁ@%%m
-2 F ,
@B prteslio—d Pt T
SOl ]!
aw | 1 \ i 1 \ Jv—.-—i.'.—| o
o "%oo : uk/\c.-c e/h:o 5/19.-, X OR. "‘/\DD
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4.2 (continued)

For small sample size (15}, it is better to look at grouped data
(here grouped into approximately equally likely intervals, given

p = 0.04). A
:f) oz A cufz ongd
%I % RCLY IOJ\(K) OZOUOED
2 ou3_eT - TET
EE:“ T"“*&m_" HISTo G RAY,
2y ! . co8 & GROUPED
) 3 i oo D.0G] [ m e S .
‘é [: C.o%d 1
D N
%@ % 4 P )< or“n/b%
e i Z 4 g & 7 4 3

The sample variance of the 15 observations of the estimate of p is

0.00074

;15
5= 12 121 (p; - 0.04)

)

The variance of P for true p = 0.04 is (0.04)(0.96)/100 = 0.00038.
Both the histogram and the sample variance show broader scatter

in the estimator than sampling theory (statistics) predicts. The
cause is probably systematic changes in p 1in certain lots die to
changes in the production process. It is just such changes that
the quality control program from which this data was taken was j
trying to catch. The true p when the production process is func- g
tioning properiy might be only 0.02 to 0.03. Some or all of the :
lots with observed fractions of 0.06 or greater may in fact be from
Tots where the process was "out-of-control." See Problem 4.6.
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A

4.3 a) i =X =7970/31 = 257 cfs
% _ <2 2 1,120,000/30 = 37,300 (cfs)?

b) X is normally distributed; k = 1.96. The confidence 1imits
on my are 257 + 1.96(180)//3T = 257 * 63.5 cfs

¢) By method of moments (there are other methods leading to somewhat
di fferent numerical estimates)

A - -
Moy = 181.8/31 = 5.87
A
Ginx = 21.837/30 = 0.705
fl
ﬁ& - e X _ e5.87 - 355
4.4 a) ob = Var[N 1n? = np, (1-p.)/nf = py(1-p;)/n
. P, i PytinPy i 7Py
Estimating a%_ by replacing P; by its estimate, when an

i ~ .
observed value of Pi’ namely Pi» is observed, the confidence

interval is‘
j’p'.'l (1"p1)/n

in which km/2 is found in the normal table in the usual way.

Pj * koa/?

b} c, < YP; implies
ka/ZWi TPy
Solving for n,
n 3_k§/2(1—pi)/szi

Note for smaller values of Psis i.e., for rare events, the smaller

Py the larger n must be.
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4.4 {continued)

¢) k

= 1.64; p. = 0.15; v = 0.2; Substituting

/2 i
n > 385
4.5 a)
i) ka/2 = 1.96

i)

b)

oku/z//ﬁ = {0.195)(1.96)//8277 = 0.0059
Confidence 1imits: -0.02 + {.0059
Using t-test

=t k 1.96

tas2in = Y0.02554217 = Y0.02550 = Ko.025 ©
Confidence Timits: same as (i) owing to large n.

-0.02 ft. = -0.24 in.; 0.04 ft. = 0.48 in.

-0.24-0.02

P[-0.24 < X < 0.48] = P[ T 0.48-0.02

S U< =5

0.195
= FU(2.56) - FU(—T.13) = 0.994 - 0.129 = 0.865

P[X exceeds tolerance] =1 - 0.865 = 0.135

Virtually all exceedances will be below -0.02 ft. rather

than above 0.04 ft.
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4,6 3868 x(3)(318)//10 = {3567, 4170}
Lot 3 exceeds upper control Timit.

P[Normal variable deviates from m by more than 3¢] = 0.0027
If the process is always in control, 100 days represent 100
Bernoulli trials with p = 0.00135. N = no. of unnecessary
excursions.

PIN > 17 =1 - py(0) = np = (100)(0.0027) = 0.27

nt

4.7 a) Hy: p =0.1 versuékH1: p > 0.1
Accept H if R < c¢; assuming independence, R is binomial.

5
a=PR>clp=0.1]= ] (3)(0.1)7(0.9)°""
r=c
Forc=0; 0=1
1-(1-p)° =1 - (0.9
5 4
For ¢ 1 - [{(1-p)" + 5p(1-p) "]
Thus to get at most o = 0.10, choose ¢
controls only if 2 or more specimens are less than 6" thick.

(Note for discrete statistics one cannot necessarily obtain
exactly the desired a-level.)

)5

0.408

]
1]

Forc=1; a

I

0.08
2, i.e., change the

it
It

2 o

b) Hyo P = 0.2 versus Hy: p = 0.1

Reject H0 ifn-R>corR«<n-~-c¢c; i.e., accept if R>n - ¢
n-c-1
PIR < n-clp =0.21= } (M(0.2)"(0.8)""

o

i

O
B =P[R > n-c|p=0.1] = E (W(0.2)"(0.8)""
n

Find, by trial and error, n and c such that o < 0.05 and

B < 0.2. For economy find the smallest value of n possible.
Assume approximate normality of R in this case, with M = NP

and cﬁ = np{1-p), and p equal 0.1 or 0.2. Putting the statements
above in terms of standardized normal variables

R-m
o= 0.05 = [ < oc=(0:2n) 4
R vn(0.2)(0.8)
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4.7{continued}

4.9

4.1

R-m
B =0.2 = P[ R z_n-c—O.Tn
v % T RI0.171(0.9)

From normal tables for 0.05 and 0.2 probabilities (these approxi-

mations can be impréved; see Prob. 3.18)

-1.65 = (n-c-0.2n)//B.T6n

0.84 = (n-c-0.7n)//0.00n

Soiving simultaneously for n and ¢
n = 83!
c = 69

In short, test 83 specimens, reject H, (accept the work) only if
83-69. (or 14) or less are -o.k. It is unlikely that such a Targe
sample size would be considered economical for all but a very large
project. If a smaller value of n must be used the inspector will
have to compromise on his desired a, or g8, or both.

For v = 7-1-2 = 4, Table A.2 gives a value of about y? = 7.8 for a
probability of 10% of being exceeded. 4.506 < 7.8. Accept Ho'
The p-Tevel is 0.35 from Table A.2 for y®> = 4.5, v = 4.

a) The paper requires a transformation to “straighten out" the
parabolic functions of the CDF.

b) The sum of the two identically, uniformly distributed variables

has a triangular distribution on the interval -1 to +1. Therefore

the average is triangular on -0.5 to +0.5.

¢) Assume the true value is the average, 15.2. Plot the deviations
from 15.2. Note that, unlike normal paper, this paper can't be
used without an independent prior estimation of the parameters.

See text page 284, Compare with normal/log-normal paper, Fig. 4.4.15.

Either put a log-scale on the x axis or plot logs of the observed
values on Type I paper.
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4.12 With so large a mean a normal approximation to the Poisson is
appropriate, using v = x = 220. Note that for the Poisson m=g? =v.
Therefore the data plotted on normal probability paper must be com-
pared with a hypothesized 1ine with m = 220 and ¢ = V220 = 14.8. This
o is much smaller than the observed sample standard deviation of 74.2.
This difference alone would probably cause rejection of the model.
Physically, the clustering in time of small (magnitude 4 or less, say)
aftershocks around large shocks causes larger variances than the
Poisson process assumption permits. Scréening of these correlated
clusters of aftershocks {e.g., by considering only rarer, larger
magnitudes) usually improves the comparison.

The K.S. statistic for n = 29 and o = 0.1 is about 0.22. The model
is rejected by the test.

-0.24

4.13 Under the null hypothesis p,(x) = e (0.24)%/x!

For n = 29,531:
X px(x)=pi (obs. no.-npi) (obs. no.-npf)z/npi

0 0.786 L6615 55 018 4
1 0.189 -1067 —\0T% 207 956
2 0.0227 266 Lo 106 (0%
3 0.00181 107 2% 216 1%
4 0.00011 30 I 280 2—3:(;?
>5 0.5 x ]0-5 18 ;g 2150 18323

} 2959 Q907

For o = 104 and v = 6-1-1 = 4 (Table A.2) x? = 7.8. A clearcut
rejection of the model is indicated: There are elearly many more. .
multi-accident prone drivers than the model suggests. One con-
clusion is that fair insurance rates should not be independent of
past driving performance.

4.16 n = (40)(40)/80 = 20; at a = 0.05, critical value = 0.29.
The observed value of the test statistic is apparently about 0.23
(in the region of x = 350 cfs). Therefore the model produced data which
are not significantly different-from the historic-data.
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4.18 VY} = UY}/mYE = (ci/Jni)/mi = Vi//ﬁ; = constant = ¢

_ w2, 2
or /ﬁg'— V./e or n, = Vi/c

r n;
1 2 i 2

B = . = o= .
ut n jzl ny 5 ZVJ XVJ

2
C Vi
Solving for ns gives the result sought. >
Application gives, for example, NLISBON = 100 1'ggg) =4.1; use 4.

LOAM

4.19 Under null hypothesis of independence
PIANB] = P[AIP[B] = PP, 5 etc.

The estimate of P[A” B] = ;182 =‘(§§50(§%99 = n3n1/n2
The (estimate of the) exnected number of observations of A/} B
is n8132 = n3n]/n. The difference between the observed and ex-
pected number is

a - n3n1/n
The contribution to the ¥ statistic of this event is
(observed—expected)Z/expected = (a—n3n]/n)2/(n3n]/n)

Doing the same for ANBE, etc., and adding the four contributions
yields ¢, as given in the text. The statistic ha§ 4-1-2 = 1
degree of freedom since the 2 model parameters py and p, are
estimated from the data.

Application: ¢ = [(4)(0) - (5)(9)1%18/(13)(5)(9)(9) = 6.9
Xé.OS;] = 3.84 (Table A.2)

“

Reject the hynothesis, j.e., the data suggest that earlier
failures "tend™ to be compression failures. ‘

4.20 a) fy(x) = 1/6 0<xz<8
- . n o
L(e]xl, ...xn) = fx(x])...fx(xn) = 1/0 X <8<

where xj is the largest of the XpooeoX oo This probiem is un-
familiar because the parameter appears in the 1imits on the
regions over which fx(x) is defined. -
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4.20 {continued)

4.21

4,23

4.24

b) Maximize L = 1/8" over the interval X; £ 8 <. This is a con-
strained maximization problem. Clearly the smaller 6 the larger L.
Therefore the maximum occurs at 68 = X., the sample maximum. This
statistic is the maximum 1ikelihood estimator of 8.

¢) The mean of X is 8/2; therefore the method of moments estimator
of 8 is 2X.

d) The sample maximum is 4. For a sampie 1, 1, 2, 2, 4 the method
of moments estimate is 2x = 4; for a sample of 1, 1, 1.5, 2, 4
this estimate is 2x = 3.8. Clearly the method of moments can lead
to estimates of 8 less than the largest observed value which is

inconsistent with fx(x).

b) For such a small sample size the t-statistic should be used:
t 05:9 - 1.83. Taking x and s* from the solution to Problem 1.1
{note that the values of 52, not 5*2, are given in Chap. 1);

apply Eq. 4.1.54.

Deflection: 0.1417 2 ;_(?3/(193-)0.000,209 = 0.1417 + 0.0088 in.

Ultimate: 1847.5 z 182 1b.

"Study the rule" implies at least evaluating the Xq associated with
each model, and calculating the probability that Oklahoma gets no
water (i.e., P[X g_xo])‘ The conditional distribution of Oklahoma's
water is of -interest, -too. The specific values found will depend
on the parameter -estimates used. . These may come from one or more
of various methods of estimation (e.g., method of moments or eye-
ball fit on probability paper).

Numerical results will depend on distribution adopted.
b) Sum products of probability of falling in each interval times

percentage payment.
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4.24 {continued)
c) Assuming no significant change in labor cost with pavement thick-
ness, the contractor can reducé his expected costs (by reducing the
mean--or“target"--pavement thickness) to the amount 0.4b (new mean/
old mean), in which b is the price he bid to get the job. The ex-
pected payment will also decrease, however. This can be calculated
by shifting the distribution chosen in (a) from its old to its
new mean, and recalculating expected payment (= b times expected
percentage). (Perhaps the variance should be reduced also--e.qg.,
to maintain constant coefficient of variation.) At some point the
contractor will find an optimal target thickness, significantly
below 6 in.

4.26 a) See comments on solution of 4.21
Mean straight cables: 1.77 + (1.80)/(TZ27TT)(0.0559)/V/12 = 1.77 + 0.13
Mean curved cables: 2.25 + (1.75)/{16/15)(0.0879)//16 = 2.25 + 0.13

For variances, use a two-sided form of Eq. 4.1.50:
With 90% confidence:

ns2 2 n52
X.05, n-1 X, 95, n-1 B

Straight cables:

12(0.0859) _ 2  12(0.0589) o1 g 034 < 0% < 0.744

19.7 — 4.56

Curved cables:

16(0.0879) _ 2 . 16(0-0879) or 0,086 < o* < 0.194

Notice that these two-sided Timits on variance are symmetrical in
terms of probability areas, not in the distance from the estimate
of o2,
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4,26

4.28

(continued)

c) Tests for equality of the means and variances (pg. 416) would

be tests of the hypothesis that there are no differences between

the two kinds of cables. If the hypothesis of equal means were
rejected in favor of an alternate hypothesis that the mean of

curved cables is larger, it would imply that curvature increases
friction and hence force loss between jack and anchor., Similarly

a larger curved-cable variance would imply that curvature leads

to an additional source of variability. (A1l samples are from beams
of similar length and configuration.)

a) If the loads on different floors are independent, the mean and
variance of the total load on n columns is nm, and nc% (in which
my and o% are the mean and variance of the load on one floor).
(See Problem 2.67.) The total area on n floors is na_, where
aj is the area of one floor (400 sg. ft.). Thus the mean and
variance of Y, the load per unit area, are nml/na-i = m]/a] and
nc%/n2a$ = a%/na?. The former is independent of n, the latter
decreases with n.

The simplest Tinear regression model (Section 4.3.2) (here with
n the independent and Y the dependent variable, i.e., E[Y]n = g + Bn)

assumes that o§ is independent of n. This is not the case in the
i

independent loading model. Statistical analysis of the simplest
regression modelrassumes independence of the Yi’ but with this data
the loads associated with a particular bay are correlated; the
total load on the eighth and ninth floors (n=2) is just the load
on the ninth floor {n=1) plus a random increment. Therefore these
two observations of Y (one given n=1, one given -n=2) would be
correlated.

The model desc¢ribed for total load or unit load is Markov with
state Toad and "time" parameter n. (Compare with the running sum
of heads model on text page 322.)
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4.29 b) No; P[each gets 5000] = P[total < 10,000]

c) PLuser 1 gets his 5000] = P[total < 5,000]
Pluser 2 gets his 5000] = P[total < 10,000]

d) No, water available this year is correlated with water available
last year (see, for example, text pg. 342).

4.32 a) It is unlikely to yield samples representative of all the differ-
ent density values within the layer. A1l the specimens are effect-
ively measuring the same density value, hence their average value is
1ittle better an estimate of the. true mean than a single specimen.

b) Owing to spatial correlation among closely neighboring soil
volumes, the specimen densities are positively correlated. Pre-
sumably the closer they are together the more highly they are
correlated. Therefore the variance of the estimator X (Eq. 4.1.12)
is higher for the single hole method.

c) First method: Var[X] = ¢2/5
2 D Y
Second method: Var[X] = o?/5 + 2= (0.9)(10)
=02 8 = 52/1.1
The second method has the same variance as only 1.1 independent
samples.
4.33 o= P[X > minimum time + c[Ho]
_ 1 ~¢/3 1 -¢/5 1 -¢/8 _
=58 + 3 e + 5 e 0.10

Solving for ¢ gives ¢ = 10.5 minutes.

4.34 H :m = 4,550,000
Hyzm > 4,550,000

'(c-4,550,ooo)
U O"X-

P[X > ¢|m=4,550,000] = 1 ~ F
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4.34 (continued)
For the large size X is approximately normal even though ¢ is unknown

(page 393); we replace oy by its estimate sx/fﬁl Using a = 0.1,

kO.} = 1.28

¢ = 4,550,000 + 1.28/365,731 x 106/52 = 4,657,000

The observed sample mean was 4,577,000, which is not significantly
different from 4,550,000.
ped _ _(394)(48)°

4.35 Calculated deflection = = - = 0.098 in.
48EL  48(71.6x106)(5.8)

Ho: m, = 0.098 in.
H]: mx # 0.098 in.

. = 0.098] = PLIT|> £
s/vn

in which T is t distributed with v = n-1 =9, Fora = 10%,
c = t0.05,9 s*/y/n = 1.83(0.0153)//10 = 0.0089

The observed difference X - 0.098 = 0.1417 - 0.098 = 0.044.
The sample mean is significantly different from 0.098.

a = P[|X-0.098|> c|m

4.36 Following a two-sided version of page 416 example{for o = 0.1)

HO: mx = my
H]: mx # my

PLIX - Y]s ¢ mx=my] =1-a

¢ = 1.64(2157 acre ft.}/%—+ 5 = 1730

The  observed -difference- in-the -sample-means--is 11,500-14,700 = 3200,
which implies a significant difference in the means.

n
vX

- i
= i
4,37 a) L(v]x], X ...xn) ig1px(xi) Te v /Xi'

(]

Txas
=N
e v 1/ﬁx_i!

Removing factors independent of v:

o DX:
L(v) = eV T
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4.37 (continued)

4.38 a) Hy: m

4.39

b) Find v to maximize L{v) or an L(v):

n L(v) = - vn + EXg An v
Q_%L_(_\_)l= -n + (Zx)/v = 0
G: Zx_i/n = -)Z

This is the same estimator as the method of moments suggests.

I

20

H1: m = 30
Statistic: X
Accept H  if X < c.

b) @ =0.25 = P[X > c|m=20] = 1 - F,((c-20)v5/5)
Assuming X is normal

5/v5 = 20 + 0.67(5//5) = 21.5

H

c=20+k

0.25

I
il

c) B = P[X < c|m=30] = P[X < 21.5|m=30] = F((21.5-30)v5/5)

FU(-3.80) 0. ]
This suggests o could be reduced, unless the consequences of a

type Il error are much more serious than those of a type I error.

d) x = 27.6; report that m=30.

States 0: empty
1: partially full
2: full

15/355 by

15/35; 5/35

Poo Po2
P1o = 20/45 pqy P12

0/20; Pay = 10/20; Py = 10/20

20/45;

5/45

Pog ©
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4.39 (continued)

In any case the nine estimators are negatiﬁe?y correlated since,
for example, BOO + ;01 + 502 must equal 1 (implying a too-high
estimate of Poo will probably accompany a too-Tow estimate of
p02)' Taking the observations consecutively adds further con-
straints, e.g., the number’of observed transitions out of state
1 must equal (I1) the number of observed transitions into state
1. Negative correlation reduces the variance of estimators (Eg.

4.1.12).
4.40 X = (XoXo.. X )V/0
1%2
. -
en X = . zin Xi =Y

where Y. = 2n X..
i i

Since Xi is 109n0rTa11y distribu}ed, Yﬁ js normally distributed,
and so is ¥V or 2n X. Therefore X is lognormal with

Vu_uu J]/n__u
my = (meX"'mX) = My
2 e 42

Tgn X Ien X/n‘

Therefore (Eq. 3.3.31)
M, , J
E[X] = my exp(%r| X/2n) # My

Since E[i] ¥ %&, i ijs a biased estimator of ﬁk, but as n grows
exp(cin X/2n) approaches 1. The arbitrariness of the commonly
sought for unbiased estimator is again apparent. Although biased,

X does have the property that its median is equal ‘to the parameter .

it is estimating.
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w1 . oo 2.2
4.41 a) E[X] = my 3 Var[X] = cx/n = myVy/n

1-qg= P[m /20 <X< my + ka/Z X]

P[mx(]-ka/z\{*)-(-) < ?‘i mx(.f"'ka/z\fy)]

Confidence 1imits are

{§7(1+ka/2VX/¢ﬁ); §7(1-ka/2vx/vﬁ)}

Here km/2 = 1.63, VX = 0.2, and /h =

{0.92 X; 1.08 X}

¢) {93.5; 109.5}

4.42 a) HO: m= 10
H}: m # 10
1 -0 =P[Xm < ¢jm=10] = 0.90

¢ = kg 05°% = (1.65)(2)/V/% = 1.65(1)
Observed mean X = 8 Ties outside 10 + 1.65. Reject Ho'
b} The variance of X becomes (Eq. 4.1.12)

0% = 0%/ + o(2)(a2)(6)/n% = (4 + 6)c?/16 = 2.5

oy = V2.5 = 1.48
= (1.65)(1.48) = 2.45
= 8 Ties within 10 + 2.45, Accept Ho'
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4.42 (continued)

¢) Hy:m > 10 Reject if X < m-c
H]: m< 10
1 -a=PX-m>-cim=10]

c = k0.1UY = 1,28(1)

Observed mean lies below 10 - 1.28 = 8.72. Reject HO.
(Under the assumptions of part b, the change to a one-sided test
would cause the hypothesis to be rejected rather than accepted. )}

4.43 a) Let ¥

=.cost and r = no. of rooms
2N n
E[Y], = &+ Br = $43,980 + $8,560 r
G = $82,470 sample correlation coefficient ry = 0.786
~ ~ —2 L 2 L
0‘7 = _g... ['I + r‘-g ]z - 82,470 [1 + (r-?§é4) Jz
r v/n s, yTT
e.g. at r =7 = 33.4 oy = 22270 < 45,000
r il
at r = 50 oy = 25,000[1 + L§9:§§;ﬂlgg
Yo ’ 35
= $43,700

b) For r = 32, an estimate of the expected cost is
N
ELY],. = 43,980 + (8560)(32) = $319,000

An estimate of o is $82,470. But there is uncertainty in both

these parameter estimates.- To-allow for this statistieal uncer- .
tainty (as well as for the probabilistic uncertainty, i.e., o) the
conventional approach (pages 435 and 436)(in contrast to the Bayesian
approach of Chap. 6) is to state 90%, say., confidence intervals on
the cost of this particular job as

PN . 2 1. (32-33.4)%,
ELY] = ta/z;n_zfcv} + o2= 319,000 = 1.83(82s470{/%7{1+ B A ]
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4,43 {continued)

b)

+

= 319,000 + 1.83(82,470)(1.05)
= 319,000 + 159,000

The influence of parameter uncertainty on the limits is only

5% in this case, despite the small sample size.

c)

4.44 a)

AN .
E[Y] = o + gf = -$124,250 + 121,750 f in which f = no. of floors.

¢ = $87,440 = 0.756

Y, f
Even without consideration of parameter uncertainty it is clear
that no. of floors will lead to somewhat wider 90% confidence
bounds on the cost of this project. Multiple regression analysis
permits the use of both number of floors and number of rooms to
estimate cost. In this case the estimated regression 1ine has
been found to be

AN
ELY] = -$98,500 + $5,505 r + $65,567 f

with o = $76,870. In this case the use of both variables does
not provide much improvement of the use of just one, rooms.
The reason is that rooms and floors are also positively cgrre?ated,

rr,f = 0.690.
Let Y = COD and x = nitrogen content
EE?TX = 370 + 35.2x rx,y = 0.76
G = 351
2 _ 2, .2 _
Sp =S /nsx = 102
HO: g =20
H]: B#0

Accept if |B] < ¢
c = SBta/Z;n-Z = /107 2.26 = 22.8

Observed value of B is B = 35.2; conclusion is that the slope
is not zero. '
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4.44 (continued)

c) 2 -2
2 _ s X7y _ 2
X
Ho: a=0 H]: a#0

Accept if }A] < ¢
c= SAta/Z;n-Z = (246){2.26) = 555
Accept hypothesis since o is 370 < 555.

d) 2 2
2o nst (ST gp(am)?

2
X] -G,n-z

o < (1.62)351; o < 565 with 90% confidence
e) The normal assumption appears reasonable.

f) The variance may in fact grow with x. One possible test is
to make an F-test (page 416) for equality of the variance of the
residuals for Targer values of X and the variance for smalier
values of x. There are theoretical difficulties, however, in
the lack of independence of the residuals. See any intermediate
text on applied regression analysis.

4.45 a) Strength = %P

Let Y = gen{strength) and x = n z
Y = en{strength) = o 4+8 &n z = o + BX
Lightweight:
o= 7.83; 8 =20.1/3 rx,y = (.95
g =0.119 This is, recall, the standard deviation of the

natural logarithms, not the strength itself. Also this is the
estimate of the two-specimen averages, not of individual specimens.
Therefore one might estimate the o of individual specimens as

V726 = 0.168. Test for stope significance: HO: R > 1. H3: B <1;
Accept if B > 1-¢



4.45 (continued)

¢ = sgt - ¢§27ﬁ§§“' ‘= (0.119//8(1.95))1.44 = 0.031

an-2 t.1.6

The observed value of E, 0.173, is Tess than 1 - 0.031, therefore

it is significantly less than 1. Note if the adjusted (doubled)

sz(é}) is used, n should be doubled also, and t should be based,

perhaps, on 12 or 14 degrees of freedom. There is little influence

on ¢ and none on the decision.

Confidence Limits
a: 7.83 % sAt

o/2.n-2 = 1-83 +0.099(3.0) = 7.83 + 0.3

B: 0.173 & SBta/E,n-Z = 0.173 = (0.023)(3.0) = 0.173 + 0.069

The "adjusted" n will decrease the limits slightly through
its influence on the degrees of freedom of t.
Ordinary Weight:

a=7.71; B=0.162;: o =0.162
sg = 0.0315 5, = 01355 r, = 0.90

Test for Equality of B's.

Let B0 and BL be the estimators of the ordinary-weight slope
Bo and the Tightweight slope B> respectively. Then let

qQ = B0 - BL; It has zero mean if 60 = BL'
AN TS 2, .2

o=k +oh =sp tsp - (0.023)% + (0.031)2 = (0.0386)%
0 L 0 L

HO: Bo = BL or mQ =0

Hy: B, 7 B oer#O

Accept if [Q] < ¢ or [éo - §Ll <c
¢ = OQta/Z,n' = (0'0386)ta/2,n" The proper choice of n' is not

immediately evident, but it is clear that HO will be accepted since
the observed difference is only 0.162-0.173 = 0.011, or less than
1/3 of Gq.
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4.45 {continued)

4,46

4,47

b) One would seek paired data to permit estimating a regression of
tensile strength versus compressive strength. The difficulty is

in obtaining such pairs when destructive testing is involved.

If within batch variation is small compared to batch-to-batch vari-
ation, these pairs can simply be specimens cast from the same batch.
Each pair must then be from a different batch to obtain independent
samples. If age were a systematically varying independent variable
the problem would have to be treated as a multivariate one, not as
simply tensile strength on'éompressive strength. An important

test would be for o = 0.

Let Y = April-July runoff and X = Jmonthly precipitations.

a=-6.19; g = 1.842; 1.47

4]
I

.
b = 0.883

= 1.21: s 0.157;

A B
The analysis would be used to predict in probabilistic terms the
runoff anticipated in April through July after one has observed
the total precipitation in the preceding months October through
April.

The correlation coefficient can be tested as on page 417, or by
testing to see if the slope is different from zero. By inspection
§ « 0 = 1.84 is many times larger than Sg = 0.151. Therefore

B and p are significantly different from zero.

a) Let ¥ = elastic 1imit and x = bar number

A sketch of observed values of Y versus number {diameter) and
number squared ("area™) suggested-any non-linearity in the data

is exaggerated by the squaring transformation. (Also Irx’y[>|rx%yL)

-2020; o = 5788

@ = 66,350; @
= -0.681

Sp = 4380; Sg 654; rx,y
Test: HO: R =0; HT: B#£0

Accept if |B] < ¢
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4,47 {(continued)

c = tha/an_2 = (654)(1.8) = 1190 for a = 0.10

|B| > ¢, therefore reject Hy+» Conclude elastic Timit is a function
of bar size.

b) Ultimate strength versus bar number.
o = 88,280; @ = -1370; o = 5880

Sp = 4450; = 664; r = -0.529

B X,y

[8] > ¢, but only marginaily. Conclude, tentatively, that
ultimate strength is a function of bar size.
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5.4

CHAPTER 5

a. The four actions are:

do nothing

o3}
-
t

a, - close one month

close three months

reduce fee

With ays the states are:

91 - receive job in three months with an interim cost of $9000 and a
gain equal to the expected value of the fee.

@2 - no job with a loss of $9000.

With a5, at Teast 8 states must be considered involving hiring problems (yes
or no), receipt of a small job (yes or no), and final receipt of

the job {yes or no).
Values are $ - 6000 plus influence of jobs received.

With as, three obvious states involve staff hiring problems (yes and no) and
receipt of the job.

With 3y the states are receipt (yes or no} of the final job and other fees.
The values are $ - 9000 plus receipt of jobs at a reduced fee.

Note that a variety of other states are possible but only those having dif-
ferent values need be considered. That is, the future states could be
treated as good, fair, and poor and the actual states Tumped under these

general classes.

With this loss structure, ac1:1'0n-,a-i ($25/hr.) is optimum for any probability
values. Action 21 is said to "dominate" a, in such a case.



5.5 The decision tree is:

5.6

Satisfactory 0 +

Accept - 0.3
Unsatisfactory ' - 500

= 0.7
Satisfactory - 100

P=0.75
Unsatisfactory - 600

P =20.25
Action . State Value

The design should be rejected.

If instrument indicates shallow depth, z_ is observed.

C
P'fe,] = PLz,|6,] P'[6,] = (0.6)(0.7) = 0.42
P"[o,] = PLz,]6;] P'[8;] = (0.1)(0.3) = 0.03

or P"[6,] = (0.42)/(0.42 + 0.03) = 14/15
P"[e]] = 1/15 o
E{u(alg] = (-400)(1/15) = -26

Elu(a)]

The short pile (a } is preferred.

For a to be preferred no matter what outcome is observed, we must have
E[u(a])] > E[u(az)] or (—100)?“[60] >.(~400)P"[e]]. For the outcome "most
favoring" 8ys i.e. for outcome z,

(-100)(14/15) = -93

P[z Ie ] P[e 7 < 4P[z |6 ]P[e]
PLzo181> 1Plz,16,] {—91%- T 3L = 0.3

Note how relative consequences,relative prior probab131t1es, and
Plz |8-] influence this result. If the test is this "unreliable" (if
Pz |01] > 0.35) there is no point in maang the test even if it is virtually
free; its outcome can't influence the decision. (The assumption is that the
ambiguous indication z, would remain as likely given e] as it is now as the
test becomes more unreliable,
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5.7 If P[e = BI] = p, P[e = 82] =1 -p,
ELu(a;)] = uyyp + uy, (1-p)
E[u(az)] = upop + u22(1~p).
a is preferred to a, if:
E[u(a1)] > E[u(az)] which implies -
PP Uy (1-p) > uppp + w5 (1-p)
H11P = UggP > Ugp(1-p) - upy (T-p)
(b9 = upp)p > (4 = upy)(1-p)
2P > 21 (1-p)
Efe(ay)] > E[2(ay)]

That is, CH is preferred if its expected loss is smaller. Reversing the
steps proves that if E[z(a1)] < E[ﬁ(az)], a; is preferred.

5.8 Prior
State P'l[e = o]
e](OK) .85
62(f1aw) 0.15
Sum = 1.00

Sample Likelihood, P[z]0 = 0]

State
Sample 8, 82
z](indicates 0K) 0.9 0.2
z,{flaw) 0.1 0.8
1.0 1.0
Joint Measures, P[z]o = 8]P'[0 =8]
Sample 3 State 5 Plz]
1 - 2 -
z, (0.9)(0.85)=0.765  (0.2)(0.15)=0.030 0.795
Z, (0.1)(0.85)=0.085 (0.8)(0.15)=0.120 0.205
P'fo = 8] 0.850 0.150 1.000
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Posterior Probabilities, P"[o = 8} z]

State
Sample % 8,
0.765 _ 0.030 _
z] 0798 © 0.962 0795 = 0.038
0.085 _ 0.120 _
22 W— 0.415 m‘- 0.585

5.9

Assuming all indicated flaws are rewelded, the expected cost per weld of new
system = 0.50 + 5.00 P[zZ] + 30.00 P[ZI’GZ] = 0.50 + 5.00(0.205). + 30.00(0.03)
= $2.42.

The old system cost per weld = 1.00 + 5.00 PE@Z] = 1,00 + 5,00(0.15) = $1.75.
Retain the old system.

With V assumed equal to 2.5 ft./sec. with certainty, the most likely
value of z is a function of & only (2 + 1.2 x 10'3€”. An observation of
z = 13 could come from s equal to 8000, 9000, or 10,000 (with z = 13
representing an implied deviation from the best fit line of -1.4, -0.2,
and +1.0 respectively.) The sample likelihoods are therefore

Plz = 13|8 = 8000] = 0.25
P[z = 13|6 = 9000} = 0.50
P[z = 13}e = 10,000] = 0.25.
Multiplying by the marginal prior on © and normalizing gives
P"(8) P (e) ‘
Flow (Ignoring V undertainty) (True}
8000 0.125 0.14
9000 0.500 0
10000 0.375 0.14
11000 0 0.57
12000 0 0.14

The uncertainty in velocity V opens the possibility that z = 13 was
the "result” of a flow value 6 from a wider range than otherwise appeared
possible (e.g. & might have been as high as 12,000, if the velocity was
higher than 2.5). Generally, different posterior probabilities of 8 and
hence possibly different decisions will result if such embedded variables
are not recognized and treated properly.

If V¥ as well as z is measured,.more information is available on 6 .
In this discrete case the possible values of ¢ are reduced in number. For
example, if in addition to observing z = 13, one also learns that V = 2,
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i.e. P"[e = 8000] = 1; the optimum action is simply F = 0.1, 6 = 800.

5.10 Within the discrete approximation, without scatter, if z = 13, 9 must
be 11,000. If z = 14, 6 can be either 8000 or 12,000(depending on whether
V = 2 or 3) with equal posterior probabilities if scatter is not considered.
With scatter and z = 14, © can be 8000, 9000, 11,000 or 12,000 with each
posterior probability equal to 0.25. Clearly the influence of disparsion
in the equation is to spread the posterior distribution on 6,

5.11 The probabilities P[zilesj are identical to P[zi|e1] (page 578). Prepos-
terior analysis of the Z, and Z; branches of this alternative experiment
is identical to that discussed on page 577. If z, is observed, the first-
stage posterior probabilities of state are (page 577) P“(Bo) = 0,77 and
p"[e]] = 0.23. With these probabilities of state, after the sonic test
and an observation of Z,, the probability of finding zb'nxthe second
stage when the hole is drilled is (compare e, analysis, page 575)

PLz 18, 1P" [0, 1 + P[z |6,IP"[8,] = (1)(0.77) + (0)(0.23) = 0.77 .

In a general case this result would be combined with preposterior
analysis of the second stage of the experiment. 1In this case, that
analysis is trivial (page 576) leading here to utilities of =70 no matter
which outcome (zo or z]) is observed upon drilling. (The outcome of the
drilling obviously determines which action is taken.) The expected utility
of eq is |

Efu(eg)] = L Plz;lejlules,z;)

(0.45Y(-48) + (0.28)(-45) + (0.27)(-70)

= -53.

This two-stage experiment is better-than -a simpie sonic test (e] with
expected utility -60) but not so good as €y, simple drilling immediately
(E[u(ez)] = -50). If an additional time cost of -50 units is added to this
two-stage experiment, it becomes the least attractive of the four possibilities.

5.12 The discussion must specifically identify the difference between value to
the engineer (responsibility) and value to the client (money).
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5.13 With alternate a, the weighed reliability is (0.98)(0.6) + (0.99)(0.4) =
0.984 while that with alternate b is (0.99)(0.6) + (0.98)(0.4) = 0.986.
Thus the second design, b, should be used.

5.14 a. With the pile foundation,

Settlement, § Probability Utitity, $
' § < 1in, 0.5 (0.5Y0) + (0.5)(3000) = 1500
1in. <8 < 2 in. 0.3 "o moooe = 1500
2 in. <8 < 3 in. 0.19 now nooom = 1500
§ = 3 in. 0.01 - 1250

If the settlement is 3 in. with the pile foundation, the expected cost
of: legal probtems is (0.5){1000) + (0.5)(10,000) = $5500, and is subtracted
from the fee of $3000 assuming the job is received. If the job is not
received, no legal difficulties are involved. Thus the utility of finding
a settlement of 3 in. is (0.5)(0) + (0.5)[3000 - 5500] = -1250. The
utility of the pile foundation is (0.5){1500)+(0.3)(1500)+{0.19}(1500)+(0.01)
(-1250) = 1462.5. With the raft foundation, -

Settlement, § Probabitity Utility
§ < 2 in. 0.50 3000
2 in. < 6§ < 3 in. 0.41 3000
§ > 3 in. 0.09 3000 - 5500 = -2500

“The expected utility of the raft foundation is :
(0.5)(3000) + (0.41){(3000) + (0.09)(-2500) = $2505.
The raft foundation should be used.

b. See if future jobs with this client are possible. If no future jobs
are considered and the fee adjustment will not influence future jobs, sue
if the offered fee is less than $2500.

5.15 The two PDF on cost have the following properties:
Conventional  Push-up

Mean, Mode X, 0.8x0
Lower Timit : 0.83x0 0.46x0
Upper 1limit ‘ 1.17x0 1.14x0
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Utility function is zero up to 1.1x0 and is negative and linear from
that point on. The expected loss {found by integration) is greater with
the conventional design and thus the push-up design is optimum.

The utility function varies linearly from a value of O.O7xO at 0.4

of conventional cost to 0.02x0 at the cost of conventional construction,
Xo and is constant at 0.02x0 for costs in excess of X, up to ¢ = 1.]0x0.
It decreases 1inearly from 0.02x0 at 45 degrees for cost in excess of

c = T.}Oxo. The expected utility of underwriting is positive.

5.16 The payoff table is:

if.

5.18 a.

B P'(s) Actions
8] 0.4 0 -10
82 0.2 -2 0
63 0.4 -5 0
u(a]) = -2.4
u(az) = -4

Action a; is optimum.

The sampling réliabi]ity information is:

Sample P(Sample|e)
% 92
z]( indicates 91) 0.9 0.3
22(1nd1cates 62) 0.1 0.7
The consultant found z, so that the posterior probabilities are found by:
State Prior Posteri?r (
0.9){0.67) _
o 0.67 (0.9)(0(67))? (0.§)(0.33) = 0.86
0.3)(0.33 N
% 0.33 (03)(0.67) + (0,375,337 - 014

action Ch remains. optimum.

Iintegrate the product of the utility function and the density function,

f(e) = %ﬁ-exp (- g%), from 24 to infinity. The expected value is -602.
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5.19

CELu(e)] = oy - (uy - u)g

5.20

b
E[u(e)] = [ u(o)F(o)de
a

b
b-g \m 1 1 r-1 t-r-1
= [ Qu -(u ~-u){r—) z——F= (6 - a) (b - 8) do
a b b a b-a B (b~a)t 1
Combining exponents
B|

r(rir{t-r) B = r{r)I{m+t-r)

B = % £ - T (m+t)

Using Fig. 5.1.9, a reasonable beta distribution on & has parameters,
r=5,t=28. For u, = -10, Uy = 1, and m = 3,

E[u(e)] = 1-11(5) = 0.083

For any design with initial capacity r the cost is the initial cost Ir plus
that of the added capacity (if any) necessary to meet the uncertain future
demand, X. The estimated demand is 10 million gal/day. The demand has a
mean of (0.88)(10) = 8.8 million gal/day with a standard deviation of
(0.12)(10) = 1.2 mil1lion gal/day. The expected added cost (if capacity is
provided to just meet demand X) is

E[Cadd] = [ 150,000 {x - r) fx(x) dx.
.
For each r, this relationship can be solved approximately by replacing
fx(x) by an approximate PMF on discrete values, say 7, 8,..., 12 miliion
gal/day. This might be an exact solution if capacity is only added in
this fashion. More elegantly,

oo oo

? (x - r) fx(x)dx = f xfx(x)dx -r ? fx(x)dx = f xfx(x)dx - r[l1 - Fx(r)}.

r r r r
The first term is {see Problem 6.22)

J’ X O’.i 'n'_ EXp [ - ._I.é_ (X - m)2] dX = ngx(r') + mX[1 - Fx(r‘)]. Ther‘efore

P 2a

E[C4q] = $150,000{ o, %y (r) - (r - m)[1 - Fy(r)1} .
For example, for r = 7 million gal/day,
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1]

ElCoqq] = (150,000) {(1.2%6,(7) - (7 - 8.8)[1 - F,(7)])

E[C 4] = (150,000} { (1.2)F,[(7 - 8.8)/1.2] - (7 - 8.8)[1 - Fy{(7-8.8)/1.

Solving for the six values of r, the results are:

r I, ELC, 44 Total

7 $777.000  $277,000 $1,054,000
8 864,000 147,000 1,011,000
9 945,000 58,000 1,003,000
10 1,020,000 15,000 1,035,000
1 1,100,000 2,000 1,102,000
12 1,175,000 0 1,175,000

5.21 The decision tree has three action branches: report unsafe; report
adequate for office use, and report adequate for storage. If the unsafe
report is given, the Toss is $5000 regardless of the actual condition. The
chance of the structure being adequate for office use is 0.8 and the value
of such an action-state combination is (5000}(0.2) + (0)(0.8) = $1000.

The chance of its being inadequate for office use is 0.2 with an associated
action state value of (5000)(0.2) - 5000 = § - 4000. The expected value
of a report of safe for office use is (0.8)(1000) + (0.2)(-4000) or zero.
The report of adequaté for storage use is associated with a gain of $5000
if this proves correct with a probability of 0.1 and a loss of +5000 - 10,000
= $ - 5000 if the structure proves inadequate (P = 0.9). The expected
value of a report of acceptable for storage use is $ - 4000.

The optimum action is to report adequate or inadeguate for office
occupancy depending on the utility of a possible gain of $1000 versus a
possible net loss of $4000. The $1000 fee does not enter the problem.

5.23 a. The ordinates of the probability density function for means of 3000 and
3500 are:
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= 3000 = 3500

X u = Eém- - fU(u) = cf*(x) u = %ém fU(u) = cfx(x)
3000 0 0.3989 -2 = - 1.1 0.2155
3300 sl =067 - | 03187 |20 - 0.m5|  0.3613
2800 - 28 - -0.445 0.3613 - 10 - 1ss - 0.1200
3500 2=+ 1T 0.2155 0 0.3989

Since ¢ is the same for both cases, it can be ignored.

Likelihood (mean = 3000) = (0.3989)(0.3187)(0.3613)(0.2155) = 0.0099
Likelihood (mean = 3500) = (0.2155)(0.3613)(0.1200)(0.3989) = 0.0037
Relative Likelihood = 0.725 to 0.275, m = 3000 to m = 3500.

b. Posterior probabilities:
8 P'(e) Sample Likelihood Product P {8)
3000 0.6 _ 0.725 0.435 0.80
3500 0.4 0.275 . 0.110 0.20

0.545
The student should verify that it was not necessary to normalize
the sample Tikelihoods to 0.725 and 0.275 to find these posterior
probabilities. The 1ikelihoods were normalized here to aid in under-
standing the implications in each step. _ )
;g. The expected value of a, ijs -8 and that of a
is to do nothing.

d. Indifference is found at u(a1, 60) = 40,

1 is -20. The optimum action

5.24TThe simplest approach to this problem is to note that the preposterior
analysis begins with a prior and a sample Tikelihood given the state.
With only two possible states, eo and 81, a sample must indicate 80 or 81
and thus z, and z, indicating 60 and e] respectively must be the sample
result regardless of the sample size. For a sample of size one, one might
decide that any sample result, x, equal to or less than 3250‘psi indicates
that the true mean is 3000 psi and conversely any x equal to or greater
than 3250 psi indicates that the true mean is 3500 psi.
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Prior

State P'(8)
8,(3500) 0.4
P{z 6}
% %1
z (indicates o) 1 - F[3250|m = 35001 1 - F[3250}m = 3000]
z,(indicates ;) F[3250]m = 3500] F[3250)m = 3000]
Numerically, P(z]6)
z, 0.71 0.29
z, 0.29 0.71
Joint Measures, P'(8)P(z]6)
8, 81 P(z)
z, (0.4)(0.71)=0.284 (0.6)(0.29)=0.174 0.458
z, (0.4)(0.29)=0.116 (0.6)(0.71)=0.426 0.542
P'(g) = _ 0.400 0.600 1.00
Posterior Probabilities: P"{8]|z)
0, G
0.284 _ 0.174 _
2 0,455 - 0-62 0.458 - 0-38
| 0.116 _ 0.426 _
Z-I_ W = { 214 m = 0.786

If the utilities of 5.23 are employed in the decision tree and the cost of
sampling accounted for at the ey level the following are found:
E[u(e],zo,ao)] = -3.8
E[u(e1,zo,a])] = .62
a, is optimum.
E[u(e],z1,a0)] = -7.86
E[u(e],z],ai)] = -21.4
a, is optimum,
E[e],zo] = -3.8
E[e],z1] = -7.86
E[e]] = (-3.8)(0.458) + (-7.86)(0.542) = -7.01.
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Accounting for the cost of sampling, the preposterior expected value of a
sample of size one is -7.01 - 2 = - 9,01,

If a sample of size n 15 nhow considered, it is obvious that X replaces
X in the previous discussion and z, and zy are defined as before in terms
of x and 3250 psi. The P[z|e] calculations are made as before except that,
for example,

— . g
1 - F[3250|m = 3500, o = -1,

that is, the probability measures are calculated using %ﬁ rather than o.
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CHAPTER 6

6.1 a) The density function for w is gamma in form.

] ~;Enw
fw(w) =NWe
n=10
x K =1.73 x 107

-16
WTOe-(1.73x10 Y(10)w

Gamma density function:

_a®T o

£, (x) e

X (k)

m:.’.{—
XA

Comparing functions yields for the mean of W.

_ 11
1.73x1071°
Use the mean value of W as the point estimate of the parameter,
uk. Then according to the exceedance probability of 0.02,
-k
-
0.98 = ¢
k _
U= My
k =9

Solve for x using tables or a series expansion of-the exponential
to find x = 88 mph.

b) The probability of finding n maximums is the product
FX(X1)FX(X2) e FX(XB)

In which, FX(x) = exp(-x_kuk)



6,1 (continued)
The probability of Y is then:

'kuk)}e

H

FY = Fi(y) {exp(-y

exp(-—By-kuk

Then using the density function of W from a.

Fly) = fr Fu) ek

R
- fexp(-Bykuk)NO(uk)ne X anuk

Solving, N
- nx
Fyly) = (—2——)
8 Ky K

c) Yo = 119 mph

6.2 a) E[Cost] = dn + ¢ [(X-m)>F(m)dm

2
dn + oy

g

dn + ¢

I
O
5%

Minimum at dn

n= 8'0

Solve as in (a), using
_ nz
dn = ¢ oM

c) See footnote page 579
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6.2 {continued)

d) 012 05
E[COSt] = 20d + C} E-[_+ CZ H'E
¢ = 2c2
0] = 4000
Oy = 2000
n + n, = 20

Optimum at ny = 15

6.3 The third interval has a probability of 0.8 of one hurricane event
and of 0.2 of no event. The first interval has two separate inde-
pendent descriptions each with probability of 0.1 of occurence and
0.9 of non-occurence.

Add four levels of occurrence, 0, 1, 2, 3. Three occurrences are
found with probability (0.8){0.1){0.1) = 0.008. Two events can be
found by (1, 1, 0), (1, 0, 1), and (0, 1, 1} with separate probab-
ilities of 0.072, 0.072, and 0.002 respectively making P[2 events]
= (0.146. Similarly one event can be found as (1, 0, 0), (0, 1, 0),
and (0, 0, 1) with probabilities of 0.648, 0.018, and 0.018 totaling
to 0.684. No hurricanes is found with (0, 0, 0), P = 0.162.

The example of 6.2.1 is solved for each of the four observations
and the total expected value is equal to the sum of the products
of the value given the observation by the probability of the
occurrence. With continuous value relationships, it is possible
to use a single expected observation level and make a single solu-

tion.
6.6 a) x' = 4200 psi
600 )
Oy = — = 134 psi
)

P[M > 3500] = 1.00



6.6 (continued)

6..7

n"x" = nx + n'x' = 104,750
= 4190 psi
(n"-1)s"% + p'xn? - [(n-1)52+n§2] + [(n'—l)s'2+n'§"2]

s"% = 319,558
2 _ ul n"-1 _
UM = S n]g nq|_2 - 139338

c) Use t = 1.318, m

9 = H190 - (1.318)(115.5)

4038 psi

d} Ignoring the prior, mg, = 3790 psi

90

One-sided confidence Timit, t = 1.533, m = 3840 psi -

1 - F(x) = kP X>X 28>0
- JB
k = xo
1 - F(x) = xgx B
F(x) =1 - xgx B
f(x) = Bxgx B-1
L(x1, Xy s ...xn) =R xB x]8 -1 28_1...X;B_]
- n Bn -8-1
- (Xlxz xn)

a} L'(B|sample, xo) = k'g" xBn (x e xﬁ)'ﬁ']

= LN BN -8-1
b) L(g[sample, x ) = kg"xo" (x X,)

L' (8lsamle, x,) = kg™ B D x1) 8]
n=n+n'

(x? . x;) = (xi et xr'l)(x1 el X))

n

1Lk




6.7 {continued)

c) Xq = 10
(xi e x%) = 226,512
n' =5

Sample: n =3
(x}x2x3 = 1716

F1(g) = ca8108[(226,512) (1716) 77"

d) Evaluate,

o0

E[Loss] = 1000 [ [ 581081 (226,512) (1716) 1P Tpx x B dgax
13 0

6.9 a) Two alternatives are to be considered with three future levels
for each plan. First compute the present worth of operation at
the three levels for 45 years accounting for linear growth. Com-
pute expected value for each plan and add the initial construction
cost to determine which alternative is optimum.

b) Repeat (a) for the added cost and compute the expected cost of

operation.

6.10 Equation 6.3.3

X rot] "
tht, (x+r0).

B, (x) =

P
X (t0+t)r0+x+1

] +
x.T(rO 1)
t= l- ear x =0

6 .y 3

Velocity Probability, p{0)

4050 mph 0.20
50-60 mph 0.44
>60 mph 0.74

s



6.11 Use Equation 6.3.3 as in Problem 6.10. Ané]ysis is similar to that
of Problem 6.10. Note that for T-3, it is satisfactory to estimate

» = 80 and even with T-2, the error is small. The computation of
5
expected value s simplified using A since the expected cost is the

product of the mean number of events by the loss per event.

t
6.14
) p(o) - T

With maximum 1ikelihood, » = Q.

b) Event Probabitity

0 0.882,353
0.103,806
0.012,213
0.001,437
0.000,169
0.000,020
0.000,001

mean = (0)p(0) + (1)p(1) + (2)p(2) + (3)p(3)...
= 1.333,25

AT &1 B S SR X R

Cost = $133,325

6.15 ) A = 125
i At
FT(t) =7 - e-(_lJ
F(2) =1-e 9%
T
b) F(t|st,r) = 1 - L
T * t_ r+]
(1+ 5%
it

——— = (0,07
2 .3
(1 + 7559

i
-—
i

FT(let,r) =

i o)




6.16 a) Observe Xp = 1 withn=1
| = ] -‘-‘ —J._
p(x5 1 with n, = 1) = 3

maximum likelihood estimate, Pg = 1. This is the certain
result with next storm.

2 withn = 3.

L

b) Observe Xg = T, X4

P(}s ]; 0, Os 0) —'3‘32“

c) The typical year shows 5 successes and 5 failures. The cloud
seeding resulted in 8 successes and 2 failures. Compute p(5,5)
and p(8,2) given the typical year. The ratio of the two probab-
ilities is approximately 2 to 1. Thus the cloud seeding result is
unlikely if the basic process is unchanged.

6.19 x = 4200

600 .
g, = ——— = 346 psi
"o

_ 4000-4200 _ "

e

P[M > 4000 psi] = 0.72

E[Loss] = 1000[P(M < 3500} + P(M > 4500} ]
P[M < 3500] = 0.02

P[M > 4500] = 0.19

E[Loss] = $210

6.20 The gain if the contractor accepts is 2000 - 1000N, in which N is -
the number of rainy days in t = 3 days. The expected gain is
2000 - T000E[NT, where E[N] = At = 3i, but X the expected number
of rainy days per day, is unknown. Assuming N is Poisson, using
a "data-based" approach, A is gamma distributed (Eq. 6.3.2) with
ro= 10+ T2+ 15+6=431int = (30 days/month) 4 months = 120.
Then the expected gain is 2000 - (1000)3E[x]. For the gamma, the
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6.20 (continued)

mean is (r0+1)/t0 = 447120 = 0.36A. Therefore the expected gain is

2000 - 1000(3)(0.367)

2000 - 1100 = $900

It appears to be a good gamble (if the contractor's utility and
dollars are linear in this range -- between -$1000 and $2000).

The model is convenient but not particularly accurate. Note we
are ignoring the fact that the model permits two or more rainy
"days" to occur in t = 1 day. (The probability of this event is
only about 5%.) If this is an unacceptable error a binomial model
should be used. Both of these models, however, assume independence
of rainy events on different days. There is undoubtedly "persist-
ence" of rain over such time intervails. Since we are working only
with the expected value of a sum, its expected value is, with or
without correlation, the sum of the expected values {i.e., E[N]
= 3\ = BE[Ni, no. of rainy days in a day] = 3P[an arbitrary day is
rainy]). Therefore correlation will not influence the decision if
A is known. But the Bayesian statistical analysis of the unknown X
which was used was based on independence of the variables (through
the assumed likelihood function). Positive daily.correlation would
effectively reduce the information content in the sample (i.e.,
effectively reduce t, while keeping the ratio r to t constant);
impiying a larger spread on the distribution on A. Since we are
interested basically in the mean of A this would probably not
influence the decision,
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